
MATH 145-02: WORKSHEET

Problem A (a) Recall that the standard presentation of the free group of rank two is F2 = 〈a, b | ∅〉. Prove that
there is only one homomorphism f : F2 → Z2 × Z2 that sends a to [ 10 ] and b to [ 01 ].

(b) Compute f(aba), f(ab2), and f(aba−1b−1).

(c) Which elements of F2 are in ker(f)?

(d) Kernels are always normal subgroups. In this case, use your answer to the previous part to explain
why any conjugate of an element of ker(f) is also in ker(f) without quoting the homomorphism
property of f directly.



Problem B Recall that the Heisenberg group H(Z) is
{[

1 x z
0 1 y
0 0 1

]
: x, y, z ∈ Z

}
. If we let

a =
[
1 1 0
0 1 0
0 0 1

]
, b =

[
1 0 0
0 1 1
0 0 1

]
, c =

[
1 0 1
0 1 0
0 0 1

]
,

then we can convince ourselves that H(Z) = 〈a, b, c〉.
(a) Show that H(Z) is not abelian by showing that aba−1b−1 6= e.

(b) Show that c is in the center of the group. (That means: show that c commutes with every
element of the group.)

(c) Which of the following is a normal subgroup of H(Z)?
K1 = 〈a〉, K2 = 〈a, c〉, K3 = 〈c〉.


