EUCLID'S ELE NIENTS.

BOOK I

DEFINITIONS.

1. A romNt is that which has no parts, or which has no
magnitude.

2. A line is length without breadth,
3. The extremitics of a line are points,

4. A straight lino is that which lies evenly between
its extreme points.

5. A superficies is that which has only length and
breadth,

8. The extremities of a superficics are lines.

7. A plane superficies is that in which any two points
being taken, the straight line between them lies wholly in
that superficies.

8. A plane angle is tho inclination of two lines to one
another in a plane, which meet together, but are not in the
same dirvection.

.
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9, A plane rectilineal angle is the inclination of two 13, A term or boundary is the extremity of any thing.

straight lines to one another, which mect together, but are
not in the same straight line.

ANote. When several angles are at one 1m'iut‘ !}I, :\llxy {
one of them is cxpressed Ly three letters, of which the - Lo ‘ - ~. o
lotter which is at the vertex of the angle, that is, at the 15. A circle is a plano figure 7 r E | :

S

5 . : e that conts A jued by one line, which is
poing at which the straight lines that contain the angle contail: y X ”/ |
and vne of these two leteers is somuewhere on one of cuch, taat all straizht fines drvwn {-—7——"

14, A figure is that which is enclosed by one or more
poundaries.

et one another, is put bebween the other two lewtors, called the cireumference, and is
those straight lincs, and the uther letter on Lhul «,\thlm- tt'{onllau t:;vrtt]f‘l&n E;()Clllllltllf‘(‘ll:,,ri:_l(l) F\l,l,'f,
straight 1i Thus anglo which iy contained Ly the gur ¢ 1
straight line.  Thus, the anglo v B 10 e i ther

D 16, And this point is called the ecntre of the circle.

v/

7 3 . . . .
[ 17. A diameter of a circle is a straight line drawn
r / through the centre, and terminated both ways by the cir-

BL--_.__C E ZH-__~ cumference.

[ A radins of a cirele i a straight line drawn from the

straight lines AR, CF is named the angle 400, or CBA » to the circumf 5 .
the angle which is eontained by the straight Tines .1 3. DB centr to the civcumiference ) E
is numed the augle A BD, or DA ; «nd the angle which 18. A semidirele is the figure contained by a diameter ' -5
is contained by the straight lines DS, ('3 i3 numed the and the part of the circumference ent off by the diameter. ol
:\nglo DBC, ovr CBD ; but if there he only one sugle at & . . , s
point, it may be expressed by a letter placed at that point; 19. A segment of & circle is the figure contuined by a ;
as the angle at E. straight linc wul the eivenmference which it euts off,

10. When a straight line standing I 20, Reetilineal fignres are those which are contained
on another straight line, makes the adja- “ by straight lines :
fﬁgt,"ﬁ;ﬁ}s i(;qlcl-::lllg?l Ov:]‘“;]?}ll&t]i%‘::lt‘di‘ﬁ{ ; 2y, Lrilateral figures, or triangles, by threo straight
the straicht line which stands on the ! lines:
other is called o perpendicular to it. o l o 22, Quadrilateral figures by fonr straight lines:

1L An obtuse anglo is that which / ‘ 23, -M.;lltt’;l.nt‘cml figures, or polygons, by more than
is greater than a right angle, / our strught fines.
e 24, Of three-sided fignres, A
N\ An cquilateral triangle is that which /N
12. An acute angle is that which N iree oamal sides: S
is less than a right angle. N has threc eqnal sides: / \
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25, An isosceles triangle is that iy .
e ides eaual : 33. A rhomboid is that which has -
which fras two sidos cqual: its opposite sides equal to one another, / /
but ali its sides are not equal, nor its . /
. angles right angles : /. /
26. A scalene trinngle is that Y 3t All other four-sided figures besides these ave
which bas threo wunequal sides: J/ enlled trapeziums,
’ 33. Parallel straight lines are such [,
/ as are in the same plane, and which
27, A rightangled triangle is that bcingtprcd‘tlced ever so far Loth ways e ——
27. right-angled triang 2 do not mect.
“‘hld.l has n.' right :mg?e: . SN e, The terms oblong and rhoab.id arve not often
(The side opposite to the right used. DPractically the following dcfinitions are used,  Any
angle in a right-angled trianglo is fre- -~ four-sided figure is called a quadriateral. A line joining
quently called the hypotenuse.] ‘ two opposite :mlglcs of a quadrilateral is culldul a i,
. oo ool | A uyuadrilateral which has its opposite sides parallel is
\ JS"I.‘I}l“hOb?useﬁélak’ﬂl ni’élf";le B /4’ éall})d a paralllogram. The words square and rhombus
that which has an obtuse angle : — are used in the sense defined by Fuclid; and the word
: ’ rectangle is used instead of the word oblung.
29. An acuteangled triangle i Some writers proposo to restrict the word trape:/
. o, £ v the pesinm
that which has threo acute angles. /\ to a quadrilateral W]lIl:)h has two of its sides parallel ; and
A it would certainly be convenient if this restriction weve
Of four-sided figures, universally adopted.]
30. A square is that which has o
its i qqual, and all i les R
?:,«Ig!::s m:lg(ll:: ;ulu\l, and all its angles POSTULATES.
] Let it be granted,
31. An oblong is that which has — 1. That a siraight line may be drawn from any one
all its angles right angles, but not al) < —1 point to any other point :
its sides equal : 2. That a terminated straight line may be produced to
any length in a straight line :
3. And that a circle may ba described from any centre,
32. A rhombus is that which has at any distance from that centre.
all its sides equal, but its angles ave
not right angles:
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1. ‘Things which are equal to the same thing are cqual PROTOSITION 1. PROBLEM.
to one another. 4
2, 1 eqnads be added to equals the wholes are equal, Lo deeeribe an eqpuilaterd triangle on i given finite
straight e :
E

3. 1f equeds be tuken from equals the remainders are , . , o .
! g Let A3 be the yiven straight lne: it is required to

equal. : : ; s
U deseribe an cquilaterad trinngle on <18, o :
4 If equuls be wdded to unequals the wholes are .
ninequal, e G
) L& . N
5. If cquals be taken from nneguals the remainders / / W AN
are unequal, / o . 3
. .o . o 4 D A\r". e B E . )
6. Things which are dunble of the same thing are ) \ / j ;
epnal to one another, N ' / J ]
N
s ; o s . 7 s
7. Things which are lalves of tho sume thing are ~__ >l

equul to une another,

« Magnitndes which eoincide with one another, that From the centre A, at tho distance AB, describe the

is, which exactly il the =ame spuace, are equal to one circle BCD. [Postulute 3.
anotler, From the centre 2, at the distance .B.4, describe the
e : ; cirele JACE. [ Postulate 3,

9. The whole is greater than its part. From the point €, at which the circles cut one another, draw

the straight lines C.4 and OB to the points 4 and B, [Post. 1,

10, Two straight lines cannot encluso a space. f
ABC shalt be an equilateral triangle.

11 Al right angles are cqual t one anather. Because the point 4 i3 the centro of the circle BCD,
12, If a straight line mect two tmight lines, 50 ag to ACis cqual to A B. [ Definition 15,
make the two interior ancles on the s <ide of 1t taken And becaase the point B iy the eentre of the circle ACF,
together less than two right augles, theoo stroight lines, BCis equnl to Bl [Definition 15.
being continnally produced, shadl at lenigth meet on that But it has heen shewn that €11 s equal to 435
sisle on which are the angles which sre loss than two right thereforo ©: sl €22 are cach of them oqual to LB,

an~les,
But things whick are cqual to the same thing are equal to

ong another. [drdein 1

Therefore Cu1 is ¢gual to OB,

Therefore ("1, A B, DC ure equal to one another.
Wherefore 12 friasigle ALC s equilateral,  [Def. 24,

and it is docerFod on the given straight lne A, QEF.
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BOOK XIL
LEMMA.

If from the greator of tweo unequal magnitudes thery
be taken more than its half, and from the remaindey
mors than its half, and so on, there shall at length ry.
main a magnitude less than the smaller of the propused
magnitudes.

Let .48 and C be two unequal magnitudes, of whig:
A B is the greater: if from A B there be tnl;en more thay
its half, and from the remainder more t'han its half, and e
on, there shall at length remain a magnitude less than ¢

For € may be muitiplied so as at length D
to become greater than A B. A
Let it be so multiplied, and let DE its
multiple be greater than 4.5, and let DE
be divided into DF, G, GE, each equal
to

From AB take BH, greater than its
half, and from the remainder A /1 take HAK
eater than its half, and so on, until there
as many divisions in .18 as In DE; and
lot the divisions in 4B be AK, KH, HB, B
and the divisions in DE be DF, FG, GE.

Then, because DE is greater than 48,
and that £G taken from DE is not greater than its half;
but BH taken from 4B ia greater than its half;
therefore the remainder D@ is greater than the remaindi®
AH,
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And the angle B.13f is cqual to the angle GFN, fop
each of them isa right angle, (11L 9,

Therefore the remaining nangles in tho triangles AR,
FNG are cqual, and the triangles are cquinngular to one
another;
thereforo B.{ is to BI as (A F iz to LV, vl 4
and, alternately, B is to GFas BMisto GN; [V, 1,
therefore the duplicate ratio of B4 to GF is tho same g
the duplicate ratio of B to GV, [V, Definition 10, V. 93,
But the polygon ABCDE is to the polygon FRHEY,
in the dnplicate ratio of B.A to GF; [VL 2,

and the square on B! is to the squarc on GV in the ju. § LMN

plicato ratio of 8. to 1.V (VL %,

therefore the polygon A BCDE is to the polygon FGHKE

as the square on .M is to the sqnare on GV,
Wherefore, similar polygons &e. QE.D,

PROPOSITION 2. TIIEOREM,

Cireles are to one anotler as the sqrares on theip -

dimmeters,

Let ABCD, EFGIT be two civcles, and BD, FIT theig 3
diameters: the cirele 120D shall he to the circle ZFol ¥

a8 the square on 2D is to the square on F A,

For, if not, the square on B0 must be to the square s
D is to seme space either lew .

FH as the circle 453C. .
than the circle ZFGH, or greater than it,

First, if possible, Tet it be ns the circle ABCD is taa
space & less than the circle ZFGIL,

. qu the angle AMB is equal to the angle #NG

V..
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Again, because DG is greater than A H;

and that G # i3 not greater thy <
s greater than the half of :t]; ;u the half of D6, but HK

2‘2‘;‘“"” the remainder D4 is greater than the remainder

But DF s equal to O
therefore C'is greater than {1 £~ H
that i8, A A" i8 less than ¢ q.p,

And if only the halves be taken fi i
in the same way bo dcmonstm?:ed‘?‘ny’ tho same thing may

, IPROPOSITION’ 1. THEORENM,

Similar polygons inscribed in cir "

a8 the squares on their d iar;,ulz’:cf freles are to one another
Let ABCDE, FGHKYL be two ci i

the similar polygons A BCDE, FGHCX%?’ and. Lot oy

¥ 6N be the diameters of the circles: the poly 7
- shall be to the polygon FRHKL, 1g the Is’:g;r%no#ggfg

to the square on G.Yf,

Join AM, BE, £N, G
Then, because the polygons are similar,
therefore the angle BAE ig cqual to the
? angle
wdBAisto AE as GFis to FL. (52 Z:;f:‘m 1

Thercfore tho tri i i
] BFL;ON o triangle BAE ig equiangular to the triangle

turefore the angle AEB is equal to the angle FLG[VL i

&t the angle AER in equal
l to t
FLG is equal to t?l(}) anglct; i}'lleV cs;r:gle AUB, 124, the
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In .the circle EFGI inscribe the spare EFQH. (1v. g
This square shali be greater than half of the circle EFG‘[[.

5 «\n\ .
// 3 N ‘A N
A~
5\\ o A /\//x \\
- —~—

For the square Zrg i1 is half of the square which can

be formed by drawing strniolit Jiv.
tho ponts 2 47 51 1§;strm°ht lines to touch the circle at

and the square thyg formed is greater than the cirels:
" s

therefore the square BRI tx o
drele. square EFGH is greater than half of the

Bisect tho arcs EF, Fa, GIl, IIE at the

o points &,
ad join X, KF Fr L, Gar »
it AL LG GMME gy VFE
» b‘:c:r:'l,ftctrhfllzf;lh;l]‘?{licsf ﬁki', FLA, (},Yll[\,r, ;)ACE ’I:l}ll":‘l,l1
e greate il ol the segment of the circle in which

For the trianule ERF i
: tangle F s half of ! ralle
‘.v_hxfh can be formed hytlrnwing i ,vtm(ivht.ll(i)ngnt'(;qil?ht{fn}n]
arele at A7 and parlle straight liney ii)ronwh r L‘nltllt}v‘t ©
and the parallelogram  thns formed i3 greq ;
ent K75 thercfore the triangle ERF ;,
balfof the seymont, ° "
And similarly for the other triangles,

I ne 2 .
rofore the sum of ull iang S 13 i
f th ul these tnnn,,le I3 tl){,l‘ﬂlcl’ greater

thaa half of (he 0
g 1¢ sum of the segments of the circle in which

ter than the
greater thany

Again, bisect EX, KF, &e.and form triangleg ng before ;

then the sum of these ty;
Hhese triangles is oo,
flI of the segments of the circle x;r:‘viltx?l‘l ‘t’lllﬁc';' il‘t"a]r‘x‘dnf the

T At

e

T e e
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If this process be continued, and the triangles bo gy
posed to be taken away, thero will at length remain gop.
ments of circles which are together less than the excoss o
the circle ELGII above tho space S, by the breceding
Lemma.

Let then the segments EX, KF, FIL, LG, G M, My
HN, NE bo those which remain, und which aro togethey
less than the excess of the circle above §;
therefore the rest of the circle, namely tho
EKFLGMIIN, is greater than. the space S, ]

In the circle 4 BOD describe the polygon AXBOCPDR -
similar to the polygon EAFLGMHN. E

Then the polygon AXBOCPDR is to tho
EKFLGMIIN as tho square on LD is to the square oy
FIT, [XILy
that is, as tho circle .4 BCD is to the space S [Myp, V. 1)
But the polygon AXBOCPDR is less than the
ABCD inp(:vhich it is inscribed, L'irel.
thereforo the polygon EXFLGMIIN is less than the
space S'; V.5
but it is also greater, as has been shewn ; .
which is impossible.

Therefore the square on BD is not to the square s
FH as tho circle ABCD is to any spaco less 53,... T
circle EFGH.

In the same way it may bo shewn that the squ

FH is not to the square on BD as the circle EFGH
any space less than the circle ABCD. 5

[)0] ¥gon

polygon,

»
Nor is the square on Z7) to the square on

the circdle ABCD is to any spaco greater than the

EFGH.

For, if possible, let it bo as the circle ABCD is to &1

T greater than the circle EFGH.

Then, inverscly, the squarc on I/ is to the s

as the space 718 to the circle 4 BCD.

But as the space 7' is to the circle ABCD so is the
LFGH to some space, which must be less than the

quare o

Therefore the sqnare on FE
the circle EFGIH is to som
ABCD;

shich has been shewn to be impossible,

‘m;cforc Ithclsqnm-e on BD
the circle ABCD is to an
BFGH. d

the square on FH
Je than the circle Z4

Berefore the square cn 5D
 drele ABCD is to the circle

Whorefore, circles &, qx.p,
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BCD, because, by by St i
fan thts cielo 7z, e the spaco 7 ie Tk

is to the square on Bp
© space less than the circle

is not to the square on F/J
space greater than the circlo

iewn that the s

: quare on BD i
18 the cirele o not

R ABOD is to any space
is to the s

oy quare on £ H as the




