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. Ty Lz
*x51611. F. iz =2 %5151 o %202

~

~ U(
#5162, F:Elia.=.a=1tla [*51'51 ": . *14'21'18]

%5163, F:E!ia.=.l¢a [%51'52:16 . %14:21'18]

#5164 F:iElifa.=.(go).a=1z [¥51'51.%14:204]
#5155. F:Eli‘a.=.El () (zea)
Dem.

I-.ak51"54«'14-.3l-:.E!:‘a.E:(;g{z):yea.;,.y:x:
[#14-11] =:E!(12)(zrea):. DF. Prop
#5156, Fib=19(dy).=.5(dy)=1.=.b=(x)(¢)
Dem.

Fo#5151.DF b=t ($y). =1 § (¢y) = 1B

[%20-15.%51°11] ; tpy.=,.y=b:
[%14:202] =:1b= (1) (¢%)
F.(1).(2).2F.Prop

#6167 F:E115(dy). =. 149 ($y) = (12) ($a) . = . E1 (12) ()
Dem.

b.%14204 . %5156 . D F : E1 9 (¢y) - = . E 1 (12) (¢) @
b .%14205 . F : (12) () = 1§ (¢y) - = (FD) . b= (12) (¢p) . b = 1§ (¢9)
[%51°56.%4°71] - (g0) - b= (1) () -
[%14:20413] JE ! (12) ($) @
F.(1).(®).OF.Prop

#5158, F:E!ta.=.ta=(1s)(wea) [*3157.%20'3.%14272]

¥5159. F:v (12 (2)] - = . ¥ (1) ($pz) [*51-36 . ¥14-205]

o

il

{PART I

%52, THE CARDINAL NUMBER 1
Summary of %52.

In this number, we introduce the cardinal number 1, defined as the class

of all unit classes. The fact that 1 so defined is a cardinal number is not

elevant at present, and cannot of course be proved until “cardinal number”’

Bas been defined. For the present, therefore, 1 is to be regarded simply as

the class of all unit classes, unit classes being such classes as are of the form
'z for some z.

Like A and V, 1 is ambiguous as to type; it means “all unit classes of
the type in question.” ‘The symbol “1 (a),” where a is a type, will mean “all
it classes whose sole members belong to the type a” (cf. ¥65). Thus eg.

Fel (Indiv)” will mean “¥ is a class consisting of one individual,” if “Indiv”
nds for the class of individuals.

The properties of 1 to be proved in the present number are what we may

logical as opposed to arithmetical properties, 7.e. they are not concerned
with the arithmetical operations (addition, etc.) which can be performed with

but with the relations of 1 to unit classes. The arithmetical properties of
A will be considered later, in Part TIL

The propositions of the present number which are most used are the

6 Fiael.=:qlatz,yea.dyy.2=Yy

Ie ais a unit class if, and only if, it is not null, and all its members are
ntical,

22. F.ifzel
}4 Fiaclvi‘A.=:2,yet.Dpy 2=y

- We shall define 0 as t*A. Thus the above proposition states that a class

one member or none when, and only when, all its members are identical.
24l F:igla.a~el.=.(go, y) .z, yca. 24y

This proposition is obtainable from #5324 by transposition, v.e. by negating
h side- of the equivalence.

46. F:iaq Be¢l.D:aCB.=.a=8.=.q@anp)

Le. two unit classes are identical when, and only when, one is contained
the other, and when and only when they have a common part.

201 l=a{(ge).a=t2} Df
Frael.=.(qz).a=t'z [%20-3.(%5201)]
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#5211, Frael.=:(qa):yea.=,.y=x [#52']1.%5114]
#5212, F:Z(¢p2)el.=.E!(2)(px)

Dem.
Fox5211.DF:2(¢p2)el .= (o)t yeZ2(Pz).=, . y=ax:
[%20-3] = 1 (qa): by.=,.y=x:
[%14-11] =:E! () (¢px):. D F. Prop
%6213. F.1=D%
Dem.

F.x51'131.DFta=t'z.= . alx:
[%1011-281] D F : () ca =tz . = . (o) atz :

[#52:1] Dbiael.=.(gz).atx

[%33:13] =.aeD%:2F. Prop
#6214, F.1=14V [%52'13 . %37-28]
%6216, Fiacl.=.E!ia [%51'54 . ¥521]
%5216, Funael.=:qlazz,yea.D,.a=y [*5215.%5155.%14:203]
%6217, biael.=. t'a=(z)(zea) [%51°58 . %52°15]
52171 Fiael.=.Et () (zea) [#51°35 . %52-15]
#62172. Frael.=.1f ta=a [#5152 . 5215]
#52173. Fracl.=.l'aca (%5153 . ¥5215)
#5218 Fiael.=:(gx):vecazyea.dy.y=2

Dem.

F.%51141. Db (o) .a=t'z.=: (o)1 zea: yea. Dy y=x (1)
F.(1).%521.DF. Prop
*52181. bFra~el.=:zea.D . (qy).yea.y+z [#52'18.%10'51]
#522. F.1CCls

Dem.
F.%521.0t:ael.D.(go).a=1tz.

[#%51-11] d.(gx).a=2(z==x).
[%20-54] dD.(fz.$).2(ptl2)=2(z=x).a=%(d!2).
[%10°5] D.(Hp).a=2(¢p!2).
[%20-4] J.aeCls: DF.Prop
%5221, F.A~el
Dem.

F.%5216.DF:ael.Dda.5fta:
[%2463] DF:A~el

%5222 F.uwel [#5112.%14:28. %1024 . %52°1]
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223 F.g!l.qt-1

F.%52:22. %1024 . DF.(qa).t‘zel.

[%20°54] Db (qa,a).a=tw.ael.

[%10°3] Db.(qa).ael 1)
F.%52:21. %2235 .DF.Ae—1.

[#10-24] dt.(ga).ae—1 (2)
Fo(1).(2). D F. Prop

#8228 F.1+AACls.14VACls [%5223.%24'54 . %2417 . Transp]

23 F.i“aC1

Dem.
F.%x52:22 . %2:02. Dhiyea.Dd.t‘yel:

[#5112.%1011.%37'61] D F . 2 C

823l F:xCl.=.(ga).x=1"a

Dem.
’ F.x5214.DF:6Cl.= .6 C15V.,

[#37-66.%5112] =.(qo).aCV.c=t“a.

[#%24°11] =.(fa). = 1“a: D+ .Prop
FroaelVvi‘A.= 1w, yea.dpy.z=y
Dem
F. %5216 . %2454 . D
Fiael. s:afAig,yea.d,, . &=y

[##37] DFuael.v.ia=A:sta=Anviafdisyea.dp 2=y
#5°63] Za=A:viz,yea. Dy k=Y 9]
F. #2451 . %1053 . %1162.DFa=AN. D, yea. Iz . &=y (2)
Fo(1).(2) . %472, Dbitael.via=A:=na,yea.D;,.0=y(3)
F.(3).%51236. D k. Prop

This proposition is frequently useful. We shall define the number 0 as
#A ; thus the above proposition states that a class has one member or none
when, and only when, all its members are identical. It will be scen that
5,yea.D,, .=y does not imply 7 ! a and therefore allows the possibility of
¢ having no members. ‘

0241, F:igla.a~el.=.(gny). s yca.cFy

Dem.
F.o%2454 . Dbnppla.a~el.stafAa~el:
[#4:56) =i~jael.voa=A:
[%51-236] =i~fael ufA):
[%52:4.Transp] t~ 2,y e Dy y =Y,

t(ge, ). yea.eFyn Db Prop

ul

[#11°52]
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#5242, Fiael.D:qlanB.=.anBel

Dem.
F.%5131.  DFuglizanfB.=.anB8=12:.
[%20°53] JDbia=t's.D:qlanB.=.anfB=tz:.
[%1011-28]  DF:(go).a=tz.d:(gr):qlanB.=.anB=1:
[%10-37} J:qqlanB.D. (g{z) anB=1tz (1)
F.(1).#521.DF:ael.D:iqlanB.D.anBel (2)
F.%3216. DF:anfBel.d.qlang @
F.(2).(3). DF.Prop '

#5243 F:ael.glanB.=.ael.anBel [¥5242.%532]
*5244. F:ael.D:gqlanB.=.aCB.=.anfB=ua

Dem.
F.%5131. dtigqliznB.=.12CA:
[#1318.Exp] OJtina=tz.d:qlanB.=.aCB:.
[%10°11-23] db:(gx).a=t‘z.Jd:qlanB.=.aCB:.
[%52°1] Dtiael.Dd:qglanB.=.aCh 1
F.(1).%22:621.DF . Prop
%6246, F:ra,Bel.D:aCBuy.=:a=B.v.aCy
Dem.
k51236 27 5

z,z,8"
Fizetyvy.=tz=y.v.zeq:.
[#51:223]  DJF:i o Ciyvy.=tifz=ty.v. %2 Cy1.
[%13-21] dbtuna=it'z.B=1y.D:.aCBuy.=:a=F8.v.aCryz:
[¥1111135] D Fa(ga, y).a=t‘s.f=1y.D:.aCBuy.
F.(1).%521.2F . Prop

%6246. F:ia,Bel.D:aCB.=.a=8B.=.q'(anfB)
Dem.
F.%51223 . Dbz Ciy.=.t'z=1'y 1)
F.(1).%1321. 3|—:.a=t‘w./8=t‘y.3:a B.=.a=8 (%)
F.(2).#11'1135 . %321 . DF:a,Bel.D:aCB.=.a=48 (3)
Fo(3). %5244 . D k. Prop
%526. I-:.ael.D:a'ea‘.E.L‘w=a.E..'c=\l.“a
Dem.
F.%3123. Dbizety.=.1'z=1:
[*13:13.Exp] dbia=1ty. D zea.=.l'r=a
[#101123.%521]DFiael. Dixea.=.iv=a o -

[%51-51] =.z=t 2)
F.(1).(2).DF. Prop

zra=8.v.aCy (1)
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w2601, F:zael .D:.¢(:‘a).z:wea.3,,.¢a::5:(&z).xea.zﬁz
Dem.

F.%5215.0F:. Hp.D:Elt‘a: Q)
(%304} dizia.=.z =7‘a.
[#52:6] =.z¢ca (2)
F.(1).%3033.2
F::Hp.):.¢>(f‘a). szia. Je.pri=:(Hx)- cla. bz 3

F.(2).(3).DF.Prop

452602, F:.2(p2)el.D: ¢ (12) (). = «(qx) . px .z

[#5212 . %14:26]

q!anB) [*52 601 "’;fJ

P Y. =

#i261. F:.ael.):\;‘aeﬁ.z—.aCB.z

262 F:iaBel.Dd:a=p.= .\Z‘a=\:‘ﬁ

Dem.
b.#52601.0F: Hp. Dt tla=14.
[%526] txea.Dy.ref:
[#5246] ta=B:DF.Prop

#5263 t:aBel.at+B.D.anB=A [*5246.Transp]
364 F:acl.D.anBelvi‘A

Dem.
F.%5243. DF:Hp.glanB3.D.anfBel:

[#5°6.%2454] DF:. Hp.DtanB=A.v.anBel:

o
tTea. D . x=1LR:

il

Wl

[%51-236] QA:anBelut‘A:.dF.Prop
W27 FiB-aecl.aCE.ECB.D:E=a.v.E=8
Dem.
F.%22:41. Dt:Hp.ECa.D.E=a (1)
F.%24°55 . Skim(ECa).D.qlE—a (2)
Fox22:48. DF+:Hp. D.£-aCB—a 3)
F.(2).(3). Dt:Hp.~(ECa).D.glé—a.f—aCB~a (4
F.%521. JDF:Hp.J.(ga)-B—a=i (3)
Fo(4).(5).%514. 2 F:Hp.~(§Ca). D . E~a=F—a.
[#24411] D2.£=8 (6)

F.(1).(6).2F.Prop



%53, MISCELLANEOUS PROPOSITIONS
INVOLVING UNIT CLASSES

Summary of *53.

The propositions to be given in this number are mostly such as wou
have come more naturally at an earlier stage, but could not be given sooner
because they involved unit classes. It is to be observed that t‘z v 1y is th
class consisting of the members x and y, while 1z Tty is the relation whi
holds only between z and y. If a and 8 are classes, t‘av ‘8 is a class
classes, its members being a and 8. If R and § are relations, ‘R 1S i
relation of relations; and so on.

The present nunber begins by connecting products and sums p'x, 85

O\, 9, in cases where the members of x or A are speciﬁed, with the products.

f))r sumsan B, av B RAS, RwS. We have
%5301 F.plfa=a

#6531  F.pi(tavi‘B)=an B8

#5314 F.pevi‘a)=pknu

with similar propositions for s, p and §.

We have next a set of propositions on sums and products of classes of uni
classes. The most important of these is
#5322 F.s‘t““a=a

We have next a proposition showing that the sum of « is null when, and
only when, x is either null or has the null-class for its only member, ..
%5324 Fiusk=A. =:x=AnCls.v.e=1A

(Here we write “A a Cls,” to show that the “A” in question is of the next
type above that of the other two A’s.)

-_—p

We have next various propositions on the relations of R‘x and R ad
R in various cases, first for a general relation R, and then for the particular
relation s defined in %40. Three of these propositions are very frequently
used, namely:

__-)
%533. F:E!'Rw.=.Rzel
—
%53301. +. Rz = Rz
—

%5331, F:E1Rw%.D.R% =1Ra= R'x :

The remaining pr()positions of this number are of less importance, and are

seldom referred to.
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o801l F.piia=a

Dem.
F.#d0l.DbFtzepta.=:Beta.dg.zecf8
[%51-15] =:f=a.dp.2¢8:
[%13191] =:zea: DF. Prop
w302 F.st‘a=a
Dem.

Foxd011.Db:xvesfta.=. (GR) . Betla.zeB.
[%5115] =.(gB).B=a.zef.
[%13:195] =.zea: Dt . Prop
#8303. F.p‘4R=R [Proof as in %53°01]
o304 F. ‘R =R [Proof asin %53:02]
831 F.p(avi‘B)y=anp
Dem.
F.%d40'18.DF . pf(tfa v 1B) = pii‘a n pt‘B
. [%53-01] =anfB.2F.Prop
m’l;h;: pro([;ositfiim.lt cm; be extended to t‘a v t!8 v 'y, etc. It shows the
! on (for finite cla ‘i 3
vt of the mombers .;sieje (:\fryc'l\a.is‘ef;) between the product p‘« and the
‘311, F.s(aviB)=av B
Dem.
F.d0171.DF ., s(tfa v t*B) = s‘ta v st‘B
[%53-02] =avB.DF.Prop
- Similar remarks apply to this proposition as to #531.
312 F.p(RuiS)=RAS [+%41'18.%5303]
This proposition shows the connection between the product péx for a class

consisting of two relations R and S, and the product R A S. iti

can be extended to the product of any given If)init,e class ofrel:tl,liinzl:oposmon
198313, F.('Rui'S)=Ru S [%41'171.%53:04]

Similar remarks apply to this proposition as to ¥53-12.
B4 b piev ) =piena

Dem. :
F.%40118.D F.p(x v tfa) = px n piifa
[%53-01] =p‘cna
#0316, F.s(kvi‘a)=skva [Proof as in %53°14]

#8316, F.p‘(Av i R)=pAA R [Proof as in ¥53'14]
17 F A vi‘R)=5Au R [Proof as in ¥53'14]
The above proposition and the next are both used in connection with

mathematical induction (%9155 and %97°46 respectively).
R&W I 23
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%53'18.
Dem.

F.sf(a—A)=s‘a

F.%51221.DF:Aca.  D.fa—t‘A)vi‘A=a.

[%5315] D.s(a~—tA)v A=sa.

[%24-24] J.s(a—t*A)=3s‘a a
F.%51222.0F:A~ea.D. a—t‘A=a. ;
[%30-37] D.s(a—tfA)=s‘a (2

F.(1).(2).9F.Prop
#53181. F.5(A—1‘A)y=§A [Proof as in ¥53'18]

*532. Fekel.D. tc=ph=38%

This proposition requires, for significance, that « should be a class
classes. It is used in %8847, in the number on the existence of sele i
and the multiplicative axiom,

Dem.

l-.*52'601.DF::Hp.D:.we:‘x:z:aex.Da.wea-z:(ga).aex.zu(l

Fo(1).x401°11. DF.Prop
%5321, Fidel.D.tA=pA=éN [Similar proof]

This proposition requires, for significance, that A should be a class ¢

relations.
#5322, F.s‘a=a
Dem.
F.#d01l. Db :zesita. = . (Fy)-veta.zey.
[%37-64.%5112] =.(qy).yea.zel'y.
[%51-15] = (qy).yea.c=y.
[%13:195] =.zea:Jt.Prop
#53221. F.“(lavify) =t v iy
Dem.
Fox371.DFaet(taviy) .= (g2). 2 (lav ify).atz:
[%51-131] =:1(g2).ze(tm v t’y).a=1%:
[#51-235] =ra=tz.v.a=1Y:
[%51-232] =:ae(ttzutit'y) s D k. Prop
53222 Fie=1a.D . a=1 %
Dem.
F.%1312.%202.DF:Hp.D. 1 “c=1t“a
[%51'511.%14:21.%37°67 ] =2{(qy).yea.z=1 "y}
[%31:5111 =2{(gy).yea.z=y}

=q:DF.Prop

[#13195]
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3. F:xCl.D.s‘x=:“x

Dem.
F.%35231.DF:Hp.=.(ga). x = t“a ()
F.%5322.DFik=1t“a.D.sx=a
[%53-222] _— 2)

Fo(1).(2).%10°11:23. D F . Prop
2L Firea. D x=yiz=ia=A.v.a=ty

Dem.
F.o#51'141. Db qlatzea.d . a=y:1=1a=1 N
F.#10533. DFi~rgla.d:zea.d.xo=y:.
[#4:71) Dbi~qlaizea.dax=y:=.~jla.
[%24:51] =.a=A (2)

Fo(1).(2).%442:39.D . Prop
WU Fisk=A.=:6k=AnCls.v.x=t‘A

De.
F. %2415, %4011 . D

Frsfe=A. t(x)i~i(ga).aex.zeal:

[%10°51) =:i(r,a):vea.).a~eEK:
[#112.%1023]=: (o). xea. Dy a~ex:
[%24-54] ZtafA.Dds.a~vex:
[Transp] =taex.d,.a=A:

[%53-231] tk=AnCls.v.k=1t‘A:. D F. Prop

- In the enunciation and the last line of the proof of the above proposition,
wewrite “x = A n Cls” rather than “x = A,” because this A mnust be of the type
ext above that of the A in “x=(‘A.”

-~ The following proposition is used in the theory of selections (#83-731).

i

825. Fis‘ansA=A.D:ixknA=AnCls.v.enr=¢A

T Dem.
F.%40181.DF: . Hp.D:s'(knX)=A:

[#53-24] Jdikar=AnCls.v.ear=1'A.DF. Prop
—
3. F:E!Rw.=.R‘zel
~Dem.

F.%302.DF:.E!'Rw.=:(qb):yRe.=,.y=b:
[¥32:18.%51°15] ®
[%2031] =:(qb). Réz =1
[#52:1] = :E‘we 1:.DF. Prop
The above proposition is very frequently used.

zi{qb):yeR'z.=, . yetb:
e 4
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-
x83301. F.R“‘c=R

.De/lll.
F.%371.%5115.DF:ye RVe . =.(§2). 2=x.yRz.
[%13-195] =.yRz.
-~
[%32:18] =.yeR%:DF.Prop

- o
#63:302. F.R“(t‘cvi‘y)=Révv Ry [*37-22.%53301]
The above proposition is used in the cardinal theory of exponentiation
(%116°71).
—'
%6331 F:E!'R%.D.R“‘s=1t'R'c= Rz
The above proposition is one of which the subsequent use is frequent.

Dem.
F.%51'11.%1418. D F: Hp.D. t‘Ria = § (y = Rx)

[%304] = (yRx)
[%32'13] “Rew (1)
F.(1).%53301. OJF.Prop

%6332 F:E!'R%.E!R‘Y.D.R“(t‘cviy)=t‘Rz v 'Ry

Dem.

F.%3722.D F. R(tfz v t'y) = Rz v Ry 1)
F.(1).%5331.2F. Prop

#5333, F.s e =1l [*53-31 Is{]

#6334 F. s U L) = tfs5c U LSsA [*53'32 %]

#5335, F.s's““(LkviA)=skvsA=s(xkur)
Dem.
Fo#53:34. D F . sé5“(thc v A) = s*(Ls°c v L55*0)
[%5311] =gk Vv sA
[%40171] =8(xunr).DF.Prop
The above proposition may also be proved as follows:
Fod21.DF. s (15 v tA) = s“s(L°, v LX)

*53°11 =s(e v
L } (kvr)
[%40°171] =86 vsA.DF.Prop
- - g v
%634, F:z=Ry.=.R'yel .xeRy.=.1¢=Ry.=.2=1'Ry

Dem.

F.o%1421 . %471 .DF:a=Ry.
[%30°4.%5°32]

[%53:3.%32:18]

[#52-6.%532]

.E!Ry.z=Réy.
.E!R‘y.2Ry.

— -
=.R'yel.zeR. )

- -
=.Ryel.t'z=R%Y.

(L

[ART 1
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Dem.

F.%2041 . D F:q! 2 (d2).
[%24°54]
[%51-3]

—’
[%52-22] =.tfx= Ry. (2)
-—
#51-51 =.z=1R% 3)
)

F.(1).(2).3). DF.Prop
> #0636, F:qgla.=.aeCls—1A

2(Pp2)eCls. g 12(¢2).
2(p2)eCls. 2 (p2)+ A
.2(¢pz)eCls —t‘A: D} . Prop

oo

In the above proof, as usually where “Cls” or other type-symbols occur,
it is necessary to abandon the notation by Greek letters and revert to the
explicit notation.

#6351 F:g!R.=.ReRel—1*A [Proof as in ¥53'5]
362 Fiaex.gla.=.aex—U'A

Dem.

.aek.af A.
.ack—t‘A:DF. Prop

F.%2454.DF:aec.qfla.
[%51-3]

(/]

#5383, F:ReX.ff!R.=.Rex— 1A [Proof as in %53°52]
The following propositions are inserted because of their connection with

- —
the definition of ¢ —» 8 in %70. R“d‘R and R*“V are both important classes.

. — «—
F:R=A.qla.d.R% =1A. B =1‘A

536,
Dem.
—
F.%3315241 . #2413.D2F: Hp.D. Rz=A (1)
- A
F.(1).%377.DF:Hp.D.KEa=8{(gz) . 2ea.B=A]}
[%10-35] =B {qla.B=A!
[x473] ~B@B=1)
[%51°11] =vA 2)
—
Similarly F:Hp.J. R =1tA (3)
F.2).3).OF. Prop
= 4
#53601. F:qla.an‘R=A.D.R“=1tA
Den.
>
F.%3341. Dt:Hp.zea.d.Ra=A 1)
e ~
F.o(1).#377.DF:Hp. D . Ra =B {(ga).zeca.B=A]j
[%10-35] ' =Bgla.8=A)
[#4°73.%51°11) =t‘A: D+ . Prop
L
#53602. F:qla.anD‘R=A.D.R“=1‘A [Proof as in %53601]
e 4
#53603. F:qq ! —U‘R.D.R—TR) =N [%24:21.%53'601]
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‘.—
%53604. F:qgt—~DR.D.RY—DR)y=tA [%2421.%53602]
#5361, F:(U‘RCa.U‘R4a.D .72"‘01 =7t’“([‘1£ vi‘A

Dent.
F . %2292, dF:Hp.D.a=U*Ru(a—U‘R) ! : *54. CARDINAL COUPLES
F.x246. . DF:Hp.D 1' a—UR. Sunimary of *5+.
[*24-21.%53'601] d. E:‘ (a —_'(I‘R) = l‘é’ ) - Couples are of two kinds, namely (1) 1z v £y, in which there is no order
F.(1).#%3722. D F: Hp.D. R = R*“U‘K v R(a— I‘R) as between z and y, and (2) ¢z 1 ¢y, in which there is an order. We may
) _ 1_{',‘“, RviA:DF. Prop distinguish these two kinds of couples as cardinal and ordinal respectively,

P - . since (as will be shown hereafter) the class of all couples of the form t‘z vty
#53611. F:D‘RCa.DR+4a.Dd. R =R“D‘Ru i\ [Proofasin#5361} B (where o+ y) is the cardinal number 2, while the class of all couples of the
%53612. F: R4V .D. ;{’uv - I_f:‘C[‘R v LA [#53:G1 . %2411 form l‘.@: Ty (wher.e % y) is the ordina.l’ number 2, to-whi.ch, fo: the sake of .
i «— - distinction, we assign the symbol “2,” where the “suffix “r” stands for
#53613. F:D‘B4V.D.R“V=R“D‘Ru ‘A [%53:611 . %2411} “relational,” because the ordinal 2 is a class of relations. In the present and
%*53'614. +. ;{t‘(y R ='}g’u\r _ A the following numbers, we shall define 2 and 2, as the classes of cardinal and
Dem. ordinal couples respectively, leaving it to a later stage to show that 2 and 2,,
w0 defined, are respectively a cardinal and an ordinal number. An ordinal

F.%53612. %2268 . %2421 .D
; - - couple will also be called an ordered couple or a couple with sense. Thus a
Fade DL RSV — = — . . . .
B+ V.3. R4V —t'A IE:(I‘R t'A - a1 eouple with sense is a couple of which one comes first and the other second.
X *2\2.481 »F:I‘R=V.D. R“V_)_ A= R“(I‘I_i_"‘ A (2) We introduce here the cardinal number O, defined as ¢‘A. That 0 so
Foa37772. %5136 . %22:621 . D F. R“Q‘R — ‘A = R“Q‘R_ (3)~ defined is a cardinal number, will be proved at a later stage; for the present,
Fo(1).(2).(3).DF.Pro v we postpone the proof that 0 so defined has the arithmetical properties of
P o P postpo! p prop
%53:615. F. R“D‘R =RV — ‘A [Proof as in %53'614] e .
Th followi .. . Cardinal couples are much less important, ¢ven in cardinal arithmetie,
e two _o’ owing proposf:ons are used in *70°12. ‘than ordinal couples, which will be considered in the two following numbers
#5362 F:RUO‘RCy.=.R“VCyui‘A (#55 and’ #56). It is necessary, however, to prove some of the properties of
Den. cardinal couples, and this will be done in the present number. Some properties
- -2 - ' of cardinal couples which have been already proved are here repeated for
F.%53614.3 F : R«d* .= R4V — : P P P
s d‘RCy.= 1_?,' ‘V—1‘ACy. convenience of reference. The definitions of 0 and 2 are:
[*‘-‘_ ] - =. RV C'y\rJL‘A:Dl".Prop n 401, 0=¢(A Df
*563621. F: R“D‘RCy.=.R“VCyuvi‘A  [Proof as in ¥53:62) #5402 2=a{(ga,y).s+y.a=tvviy] Df
- —
%5363. F:U‘B+V.D.D‘R=R“T‘Rui‘A [%3778.%53612] Most of the propositions of the present number, except those that merely
*53631. F:D'R4V.D. D“E=‘E“D‘R GUA [XSTTSL . %53613] :b:i);l:hihdeﬁnlthns (%54°1'101°102), are used very seldom. The following
. - - g the most 1mportant.
#5364 +:U‘R=V.D.D‘R=R“d‘R [#37-78] Sl $B426, F:izuiye2.=.axFy
— ~
%53641. F:D‘R=V.D.D‘R=R*“D‘R [*37-781] 843 F.2=4{(gx).vea.a—1wel]

e FLBCrzury.E:B=A.v.B=x.v.B=1Y.v.B=t'zv 'y
5453 F:ae2.uyea.aty.d.a=t‘avi’y
#5456 Fia~eOulvu2.=.(Jao,p,2) .0,y zea.wdy.cFz2.y+2
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#5401, 0=t1A Df
%6402 2=a{(qz,y).cFy.a=tzv i) Df

#5411, F.0=(A [(%54-01)]
#54101. brae2.=.(qa,y).2dy.a=1t'zviy [(%5402)]
*54:102. F:ae0.=.a=A fx541]

The two following propositions have already occurred in %51, but are here
repeated, because they belong to the subject of the present number.

[%51-41]

#0422 Fiirviy=itzviw.zig=z.y=sw.v.a=w.y=2 [¥51'43]
Y Yy Y

#6421 Fitavify=irvitz.=.y=2z

- #5425, Fiifzvifyel.=.a=y

Dem.
Fo%52:461 %2258 . Dk tf2vifyel. . D ifzvify =1z . Lz v Ly =i,
[%20-23] d.tfe=1Yy 1)
F.%2236. Dbite=ty. D s itiy=1'.
[%52:22] d.fzvifyel (2)
F.(1).(2).dF:fwviyel. = ts=1.
[%51-23] =z.oe=y:JF.Prop
#5428, Fiizviye2.z.xty

Dem.

F.%54101.DF s tfwuifye .
=n(grw).zdw. fovify=tzvi‘w:.

[%54-22] =i (e, w)izdwiz=z.y=w.v.x=w.y=2z:.
[(dxlldl]=:(Fz,w) 2fw.a=z.y=w.v.(f2,w) . 2fw.c=w.y=2:
[%13-22] snefy.v.yFz:.
[%1316) =3y, Prop
#5427, Fofruifyel v2  [%54:2526]
*x54271. F.1v2=a{(gz y).a= 1z v iy

Dem.
F.%442.D
Fra=taviy.sa=y.a=tzviy.v.ety.a=‘zu 1y @
Fo(1) o *111134141 . Db o (e, )« a= ' v £y
e y)a=y.a=1wvity.v.(qz, y) . cty. a= v v i'y:

[#13:195] si(yo).a=taviz.v. (o, y).2Fy.a=1tzuiy:
[#2256] =:1(@a).a=ta.v.(ga,y) . e+ y.a=tevi‘y:
[#52: 154101 |=:ael .v.ae2:

[%22:34] =:aelv2:DF. Prop

[PART I
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43 F.2=a{(gz).zea.a—t‘zel}
> Dem.
- F.#x52'1.%1035.D
Fi(go).vea.a—t'zel.=.(gr,y) . vea.a— t'z=1ty.
[#51'22 l‘]/_-,'éd:l =.(gxy) Canty=A. ‘2 viy=a.
a,
{#51231.%54°101] =.ae€2:JF.Prop

44 FiBCLzuiy.=:8=A.v.B8=tz.v.B=1y.v.B=1twuly
Dem.

F.#512. Dbz, yeB.DfzvifyC3:

[Fact] DF:BCtaviy.z,yeB.D.BCLzu Iy lavi‘yCR.

[¥22:41] D.B8=twviy 1
F.#51'25.0F:. 8C s v ify.y~eB.D: 8C1x:

[#51-401] JD:B=A.v.B=tz (2)
Similarly F:i.BCitzvify.a~eB.D:8=A.v.8=1y 3
F.(2).(3).%348.D
FgCilzviy.~(zyefB).D:8=A.v.B=t2.v.B8=1%Y €))

Fo(l).(4). %348 . D
FeB8Clfovify . D:A=A.v.B=tz.v.B=ty.v.B=1201Y 5)
F.%24'12.%22°58'42. D
FuB=A.v.B=12.v.8=1y.v.B=12vi'y: D.BC Lz vy (6)
F.(5).(6).DF.Prop

This proposition shows that a class contained in a couple is either the

null-class or & unit class or the couple itself, whence it will follow that 0 and
1 are the only numbers which are less than 2.

#44l. t:iae2.D:.8Ca.0:8=A.v.Bel.v.Be2

Dem.
P21, D B=tz.v.B8=1y:D.8e¢l (1
b.%3426.DFna$y.D:B8=t2vi‘y.D.Be2 (2)
Fo(). (2). %544.D

buaty. D BC2vify.D:8=A.v.Bel.v.Be2::
[¥312]DFta=t'vvify.2+y.D:.8Ca.D:B8=A.v.Bel.v.Be2::
(11113512
bu(ge,y).a=t‘zvify.o$y.I:.8Ca:B8=A.v.Bel.v.Be2 3)
Fo(3).%54:101.DF . Prop

#4411, F:ae2.3:8Ca.D.8e0v1v2 [%5441102]
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%6442, F:1ae2.D:.8Ca.q!8.8+a.=.Bei‘a
Dem.
F.%544. Dluma=tzvi‘y.D:.
BCa.q!B.=:8=A.v.B=tz.v.B=1y.v.8=a:y!8
[#24'5356.%51°161] =:B=tz.v.B=1y.v.8=a (1)
b .%54:25. Transp . #5222 . D Fredy . D tavi‘yd 'z 2 v iy y:
[#13:12] ODF:ia=taviy.oty.d.attz.atty (&)
Fo(1).(2).dbua=tevi‘y.a$y.D:.
BCa.q!8.8+a.=:8=tz.v.8=1Yy
[%51-235] =:(y2).zea.B8=14
[%37-6] =:Beta 3)
Fo(3)-%11°11-35. %34-101 . D . Prop
#6443 F:ia,Fe¢l.DianfB=A.=.avBe2
Dem.
F.#%5426 . Dk a=1¢.8=1y.D:avBe2.=.2%y.
[%51-231] =.fanty=A.
(*1312] =.anB=A (H

F.(1).%1111:35.D
Fo.(qo,y).a=t'z.B=1y.D:avBe2.
F.(2).%11'54.%521.DF. Prop
From this proposition it will follow, when arithmetical addition has bee
defined, that 1 +1=2.
#5444 Fizwet‘zviy. Dzw P(z,w):=
Dem.
F.%51234.%11°62. Dbz wetavi‘y.D, . b(z,w): =
zet'zut'y. D, . d(z,8). ¢(2,9):
[%51234.%1029] =: ¢ (2,2) . ¢ (£, ). ¢ (1, 2) . d (¥, y):- D} . Prop
#6444, bz welzviy. 23w . D . Pz w)i=ta=y:vid(0,y) . P(y ¥
Dem. ‘
F.#56. Dbz wet‘sviy.z5w.D; . Pp(z,w):=
ZwelzU LYy . D, piz=w.V.P(z,w):.

=.anfB=A (2)

p(@2) - b (2,9)- b (9,2) - S (Y

[%54r44] Sig=x.v.p(r,2)ix=y.v.d(z,y):
y=z.v. ¢ 2):y=y.v. ¢y
[#13-15] siz=y.v.¢p@Yiy=x.v.d(y2):

[#13-16. *441] tz=y.v.9(5,y). (¥, )
This proposition is used in ¥163'42, in the theory of relations of mutually
exclusive relations.

#54442. Fiiady. Dtz wetlsviy. 2dw. D n. p(o W) =

-z, y) -y
(54441

[PARTH
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4443 Faudy:id(r,y).=.d(y,2): D1
Zwella Vi‘y24w., 4.0 (2, w)i=. ¢
#0445, Fi(qew).wellcvity.d (g w).
Srd(r,a) Vod(a,y).v.d(y,2).v.0(y,y) [%31235]
#3445l Fuic () e~ (Y, y)  Di(Ye, w) s, wet‘m vty . p(z,w).
=:1¢p(z,y).v.d(y,©) [%3445]
W42 L P ()~ (g )b (a,y) .= (pa): D
(e, w).z,wet’zve'y.d(z,w). =.p(x,y) [#54451]
#0446. F:(grw).z,wetavi‘y.sFw.=.aFy [#54452.%13:15°16]
W45 Fiae2.0:aCizvifw.=.a=12v W

(@ y) [#54442)

Dem.

F.*544.D

braClizvi‘w.Dia=N.v.a=z.v.a=tw.v.a=12v (‘w (1)
b.%54°3 . %24°54 . DF:Hp.D.a$A (2)
l».*54"26%.*13'15. dk:Hp.D.a%i 3
l'.(3)’;9. Jt:Hp.J.att'w (4)
F1).(2).(8).(4).%233. Dt Hp.D:aCefzui‘w. D a=tz v 1w (5)
F.2%2242. dF:a=tzvi‘tw.D.aCiz v it‘w (6)

F.(5).(6). 2 F. Prop

#4561l F:ae2.8elv2.3:aCB.=.a=48
Den.
F.%54'5.0tnae2.8=t2vi‘w.D:aCB.=.a=4 (1)
Fo(1).%11-11-3545.D
Fiae2:(gz,w).B=t2vi‘w:D:aCB.=.a=8 (2)
!- (2)-%54271.0F. Px'op
0482 F:ia,Be2.0:aCB.=.a=F.=.8Ca [¥5+51]
#5453 l-.ae2.w.yea.a;={=y.D.azt‘wUL‘y
Dem.
F.%51-2. dF:Hp.D.tz2Ca.t’yCa.
[#22-59] d.tfzvi‘yCa ()
F.%54:26. DF:Hp.D.tsvi‘ye? (2

F.(1).(2).#%54:32. D F . Prop

#04631. Fiae2.D:nyea.wFy.=.a=tzvity

Dem.
F.%54'33 . Exp. Db ae2.d:a,yea.o$y.d.a=t'rvi‘y (1)
F.%x34:26. dbinae2.dia=t'zvt'y.dD.r$y (2)
F.%5116. Jdbia=t2viy.d.z,yca 3)
F.o(2).(3). Jdbtae2.dia=tzvi‘y.d.a,yea.z$y (4)
F.(l).(4).  DF.Prop
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*x54°54. l-:.ae2.5:w,yea.x+y.3,',,.a=L‘;vuL‘y:(gw,y).x,yea.z#ys.

Dem.
F.%54:531 . %11°:11'8. DF:ae2.D:z,yca.ady. D,y -a=tzviy (1)
F.%51°16 . %54°101 . D}-:ae2.3.(§[q:,y)..r,yea.x+y (2)
F.%5:3.%327. dtuayea.zdy.d.a=tzviiy:I:

nyéa.afy.d.sdy.a=twviyn-

[%11-11-32:34] dbiayea.zdy.d,, . a=tcvi‘y:I:
(He, y) -z, yea.zy. D (go,y) -z +y.a=1zvi'y (3)
F.(3).Imp.%54101. Dbz yea.afy.dpy . a=t2viy:

(qz,y) -z, yca.z+y:D.ae2 (4)

Fo(D).(2).4). DF.Prop

In the above proposition, “#,y ea a4y .y, - a =1z v 1‘y” secures that.

a has not more than two members, while “(gz,y) -z, yea.x+y" secures’
that a has not fewer than two members.
*x5455. F.Ovlu2=alwyea.zdy.ds . a=tzui’y]
Dem.
F.%442. Dbuayea.xzdy. Dy a=twviyi=
nyea.2Fy. Dy a=tcviyi~(ge,y) s, yca. s¥y:
viaz,yea.o4y.Dy, a=rvtyi(gny).-ayea. 2y (1)

Fo¥1163.DF i~ (o, y) .o, yea ey Diayed . 24y dry.a=tzvtlys’

[#4-71] D}-:.w,yea.w:&:y.)z'y.a=L‘a;vL‘y:~(gw,y)..c,yea.z+y:§
~(qa,y) -z, yea.cFy:

[*11-521] =1L, YER.Dyy.B=Y"
[%52:4] =:1qeQvl @)
F.o(1).(2).%5454.D

Frgyea.ody.dg, a=teviyr=:aeOvl.v.ae2:
[%22-34] =tae0vlw2:DF.Prop

%5456, F:a~eOuluv2.=.(qx,y,2). 5y, 2€a.cFy.eF2.y%F2

(ge y) o, yea. sy afiioviy:

(g, y)-toviyCaaty.aftoviiy:

t(ge, ). tzvi'yCaafy. . gla—(t'avi‘y):
t(fe, y)zviyCacaty:(ge).zea.zF 2. 2%y:
:(ge,y,2) .0,y z€a.a¥y.2Fz. yF2z:. O . Prop

FioameOvlv2,
{%51-2.%22°59]
[#24-6]
[%51-232.Transp]
[%51-2.%22-59]

hw

iowom

In virtue of this proposition, a class which is neither null nor a unit clas
nor a couple contains at least three distinct members. Hence it will follow
that any cardinal number other than 0 or 1 or 2 is equal to or greater than 3,
The above proposition is used in *104-43, which is an existence-theorem of
considerable importance in cardinal arithmetic. ‘
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#5486, FranB=A.zdeca.y,yeB.D:

rzvity=1ta vy .=.o=a . y=y
Dem.
b.#512.0F:.Hp.D: 2 Ca.t2’ Ca.t'yCB. L'y CR.anB=A:
[#24:48] Ditfzvify=17 vify .= fe= 1 Ly =1Y .
[»51-23] z.z=.y=y:.dF.Prop
The above proposition is useful in dealing with sets of couples formed of
one member of a class a and one member of a class 8, where a and 3 have no
members in common. It is used in the theory of cardinal multiplication
(#113:148).



