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Let’s warm up with a budgeting problem

» Coffee, transport and relaxation

* Each provides a different value per dollar spent (v,, v,-, ;)
* Allocate x,, x,., x; to each category

* Maximize utility gained from budget B

max v X, + VpXy + UpXt






Pbp PARTICIPATORY BUDGETING PROJECT

The Participatory Budgeting Project empowers people to decide together how to spend
public money to deepen democracy, build stronger communities, and make public
budgets more equitable and effective.

PB BY THE NUMBERS
in public funding allocated through PB participants across the US & community-generated winning
PB. Canada. projects.

Image from http://participatorybudgeting.org
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How should voters express their preferences?

How should the votes be aggregated?

: it i b .



Model

* n residents N, m projects A
* Project a has cost ¢, global budget B =1
* Voter i has utility function v;
 Utilities are additive
V;(§) = YqesVi(a) forevery S € A
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Model

* n residents N, m projects A

* Project a has cost ¢, global budget B =1

* Voter i has utility function v;, utility v;, for alternative a
 Utilities are additive and normalized

max  sw(S) = Xges L; vi(@)
subjectto ¢(S) <B



Interlude: the knapsack problem
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Interlude: the knapsack problem
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* Notice integer variables x,
* LP solvable in polynomial time, IP takes exponential time in general
* Knapsack problems are ‘easy’: thousands of items takes seconds



Model

* n residents N, m projects A

* Project a has cost ¢, global budget B =1

* Voter i has utility function v;, utility v;, for alternative a
 Utilities are additive and normalized

max  sw(S) = Xges L; vi(@)
subjectto ¢(S) <B

* Assume voter i submits vote p; consistent with v; : v; & p;
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Implicit utilitarian voting

« Randomized voting rule f vote profile p as input, returns distribution
over feasible sets of projects f(p)

Knapsack solution for v

maxr.cry<g SW(T, )

dist = max ——
(f p) v:vep E [SW(f(,D), U)] Social welfare of f on ¥

Worst case over Social welfare ratio
consistent utilities (Approximation ratio on )



Implicit utilitarian voting

« Randomized voting rule f vote profile p as input, returns distribution
over feasible sets of projects f(p)

max..cm<r SW(T,V
dist(f,3) = max ———ctD=P (£,v)

V:Vep E [SW(f(ﬁ)ﬂ}))]

max..cm<r SW(T,V
dist(f) = max _max_ —exremss W, P)

v:o05  E[sw(f(p), )]

Worst case
over inputs



Decouple input format and aggregation

* Distortion of a voting rule:

. Maxr.c(1)<B sw(T, 5)
dist = max max ——
) =max max — sw(f(3), )]

* Distortion of an input format: the distortion of its best voting rule



Knapsack voting

Ranking by value
Ranking by VFM

Threshold approval

0(log? m)

20



How should voters express their preferences?

How should the votes be aggregated?

Can we |limit the cognitive burden on voters?



How should the votes be aggregated?

Current practice: greedy aggregation based on number of
approvals/appearances in a knapsack etc. (Goel et al.)

Use the input-specific distortion-minimizing voting rules:

L 5 _ maxr..cmy<g SW(T,V)
Deterministic: f*(p) = argmin _max AL
< v:vep SW(S,U)




Distortion-minimizing voting rules via LP

maxr.cr)sp SW(T,V)

Deterministic: *(p) = aremin max —
f(p) gmin _max ow(S.5)

For every S

Foreveryv : v & p:
Compute optimal solution to KNAP(vV), T

Keep track of worst ratio sw(T, V) /sw(S, V)

Return S with smallest worst-case ratio



Distortion-minimizing voting rules via LP

maxr.cr)sp SW(T,V)

Deterministic: *(p) = aremin max —
f(p) gmin _max ow(S.5)

For every S
For every T

Compute _max_sw(T,v)/sw(S, V)
V:v>p

Return S with smallest worst-case ratio



v:vep

Inner LP (S, T fixed) {qmaxﬁ sw(T, v)/sw(sS, 5)J

* X5, X7 are characteristic vectors of sets S, T (fixed)
* |A|-dimensional
* x¢(a) = 1if alternative a isin set S

* Variables v;(a) for every voter i, alternative a

ax 2a i vi(a)xr(a)
a2 vila)xs(a)

st.v=>0,v = p



Consistency constraints are linear

* For example, for a ranking p;

* vi(pi(1)) = vi(p:(2)) = -+ = v_i(p; (M)
* Non-negativity + normalization constraints

* For threshold approval votes with threshold t
* v;(a) =t if a approved
* v;(a) < tif not approved
* Non-negativity + normalization constraints



Distortion-minimizing voting rules via LP

For every S
For every T:

Solve max 2a i vila)xr(a) [

2ia 2 vila)xs(a)

LP with fractional objective: ]
- - -
stv=0,v >p

Charnes-Cooper transformation

Return S with smallest worst-case ratio



Experiments

* Real-world participatory budgeting elections
e Held in Cambridge (MA) in 2015 and 2016
» Data provided by Ashish Goel and the Stanford Crowdsourced Democracy Team

* 10 projects, 4000 voters
* Real votes p > consistent utility v - votes in all formats > aggregate

* Measure social welfare ratio, compare 4 formats + greedy baselines

max sw(T, V)

sw(f(p), V)
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How to Make Envy
Vanish over Time

Alex Psomas Aleks Kazachkov Ariel Procaccia



How can we fairly allocate goods that arrive
over time?




How can we[fair\y]al ocate goods that arrive
over time?

Envy-freeness
No agent prefers another allocation to their own.

ENVYY = max{v;(4;) — v;(4;), 0}
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How can We[fair\y]al ocate goods that arrive
over time?

Envy-freeness
No agent prefers another allocation to their own.

ENVYY = max{v;(4;) — v;(4;), 0}

Indivisible goods: EF1 (Envy-free up to 1 good)


















[ENVYU = max{v;(4;) — v;(4)), 0})

ENVYS® = 15 —1=0.5

ENVYR=1-0.5 =0.5




Model

* [tems arrive online in batches of size k

* n agents

* Agent i has value v;; € |0,1] foritem t

* Allocate to minimize E[ENV Y7 ]

* Item values are chosen by adaptive adversary (maximizes E[ENVY7])



Can we ensure vanishing envy after T items?

ENVY;
lim =0
T— oo T




Can we ensure vanishing envy at time T?

T batches of size 1 T /k batches of size k

t =

i
Lo
= .
[ I |
- -




Greedy deterministic allocation

Give to whoever has the highest envy

Value agent 1 1/2 1 € 1 €

Value agent2 1/, , 1 € 1

Envy agent 1

Envy agent 2
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Greedy deterministic allocation

Give to whoever has the highest envy

Value agent 1 @ 1 € 1 €

Value agent2 1/, , 1 € 1

Envy agent 1 — 1/2

Envy agent 2 1/2




Greedy deterministic allocation

Give to whoever has the highest envy

Value agent 1 @ 1 € 1 €
Value agent2 1/, 1 € 1

Envy agentl  — 1/2 1/2

Envy agent 2 1/2 1/4




Greedy deterministic allocation

Give to whoever has the highest envy

Value agent 1 @ @ 1 €
Value agent2 1/, € 1

Envy agentl  — 1/2 1/2 1/2 —€

Envy agent 2 1/2 1/4 5/4




Greedy deterministic allocation

Give to whoever has the highest envy

Value agent 1 @ 1 @ 1 €

Value agent 2 1/2 1 @ 1
2 /2 p—e

1/2_6

Envy agent 2 1/ 1, 5/4 5/4 —€

Envy agent 1 -1




Greedy deterministic allocation

Give to whoever has the highest envy

Value agent 1 @ @ @
Value agent 2 1/2 ‘ @

Envy agent1l  — 1/2 —€ —€ 3/2 — 2¢

Envy agent 2 1/2 1/4 5/4 5/4_—6 Yy —€

[ENVYTzT/Z}



Iltems arrive one at a time

°[Pretend that every agent values every item at 1.]
* Allocate every item uniformly at random.

* Max change in ENVY;; is 1. T items arrive, i gets it w.p. 1/n
* Random walk with step size 1, T/n steps. Deviation ~,/T /n

Theorem. Allocating unit-valued items uniformly at random yields ENVY; €
0 (\/T logn/n) with high probability, and E[ENVY;] € O (\/T log T/n) .




ltems arrive in batches



(1,1/2,1/4)

(0,1/3,1/2)

(1/2,0,1/2)

(1/8, 3/4,1)
=




Next batch arrives

(T /k batches)




Intultion

e Whenk = 1,ENVY: € (/T / n)
* Whenk =T,ENVY; <1

k=1 General k
* Envy changed by < 1 per round * Envy changes by < 1 per round
* ENVYY changed =~ T / n times « ENVYY may change T / k times
» Bound: ENVY; € ©(1 /T / n) » Bound: ENVY; € (/T / k) ?

Theorem. ENVYy, € Q(/T/kn) and ENVYy, € O(/T/k).



General k
Upper bound (batches) * Envy changes by < 1 per round
« ENVYY maychangeT / k tlmes
Problems * Bound: ENVY; € O(JT / k) ?

e Can we find balanced’ allocations across batches?

- We don’t need EF1 (step size 1) per batch, any
¥  bounded constant change in envies will do.

Let’s try rounding near-integral envy-free allocations.



Finding near integral envy-free solutions

* x;; fraction of item j given to agent i ﬂow many fractionalvalues?\
or. ] . ] Number of variables: nm
* Vi < 1 utility of agent i for item j Number of const: 1% — 11 + m
So < n? —n + m pos.
variables

VX = ), ViiXep: Vi, k Envy-freeness
2] L=y _2] Ljkj Y (Basically) tight, so ~n

Zi Xij = 1 Vj Every item assigned fractional items per agent
xij >0 Vl,] Non-negativity Qounding introducesnenvy

Feasible solution is envy-free. We have to round it to get allocation
Rounding introduces envy: up to 1 per rounded item per agent



Theorem (Stromquist, 1980). Suppose n agents have ‘reasonable’ valuations
over [0,1]. Then there exists an envy-free division of the interval in which
every agent receives a single contiguous segment.
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Theorem (Stromquist 1980). Suppose n agents have ‘reasonable’ valuations
over [0,1]. Then there exists an envy-free division of the interval in which
every agent receives a single contiguous segment.

* No player receives more than two fractional items.



Theorem (Stromquist 1980). Suppose n agents have ‘reasonable’ valuations
over [0,1]. Then there exists an envy-free division of the interval in which
every agent receives a single contiguous segment.

* No player receives more than two fractional items.
* Rounding fractional items randomly guarantees envy changes by < 4



Theorem (Stromquist 1980). Suppose n agents have ‘reasonable’ valuations
over [0,1]. Then there exists an envy-free division of the interval in which
every agent receives a single contiguous segment.

x;; fraction of item j given to agent i
v;;j < 1 utility of agent [ for item j

e Indicator variables x? x : sum to 0 when x;; is fractional, sum to 1 o.w.

ijr iy
2 VijXij = N Vijxkj Vi k Envy-freeness
Yixij=1Vj Every item assigned
xij =0 Vi ] Non-negativity
isxj<=1- x Vi, j Indicator variable constraints
Z (xu + xu) >m—2 Vi At most 2 fractional items per agent

U, E{O 1} Vi, j



Questions



