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Bridge Fatigue Service-Life Estimation Using Operational
Strain Measurements

Mohammad Reza Saberi, S.M.ASCE"; Ali Reza Rahai?; Masoud Sanayei, M.ASCE?;
and Richard M. Vogel, M.ASCE*

Abstract: Fatigue service life of steel bridges subjected to cyclic live loads was studied using operational strain measurements of a full-scale
bridge. Fatigue fracture can be brittle and sudden, potentially leading to catastrophic bridge collapse. A service-life index and function
were proposed for determination of the ultimate service life and remaining service life of bridges. The proposed method was used to study fa-
tigue behavior of a bolted connection of a full-scale steel bridge. A regression model was developed for calculation of the life index and the
service life function. Instead of common practice of using nominal stress data, realizations of the maximum stresses were generated using the
bootstrap method. This paper shows that the proposed model is applicable for service-life prediction of existing steel bridges using only a finite
number of operational measured strains from heavy truck loads. DOI: 10.1061/(ASCE)BE.1943-5592.0000860. © 2016 American Society of

Civil Engineers.
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Introduction

Fatigue of steel bridges is an additive type of damage under cyclic
live loads caused by daily traffic. The live loads are normally con-
verted into nominal stresses. Fatigue life is then normally calculated
by determination of both the variable-amplitude nominal stress and
number of cycles (Lahti et al. 2000). Fatigue failure is assumed to
occur at stress levels that are lower than the yield stress of steel
under repeated alternating or cyclic stresses. Fatigue fracture is a
brittle type of fracture that is either sudden and catastrophic or slow
to propagate. Therefore, fatigue failure criteria should be considered
during the design phase of steel bridges.

Several authors have evaluated the fatigue life of bridges using
strain measurements (Alampalli and Lund 2006; Zhou 2006; Chan
et al. 2001; Huckelbridge et al. 2002) as well as considering chlo-
ride environments (Cheung et al. 2009; Oh et al. 2007). Also, Ni et
al. (2010), Wang et al. (2012), and Sahrapeyma et al. (2013) studied
fatigue reliability assessment of steel bridges. For fatigue assess-
ment and service-life prediction of existing steel bridges, Soliman
et al. (2013) focused on service-life prediction for steel bridges by

'Ph.D. Candidate, Dept. of Civil and Environmental Engineering,
Anmirkabir Univ. of Technology, Tehran, Iran; formerly, Visiting Scholar,
Dept. of Civil and Environmental Engineering, Tufts Univ., Medford, MA
02155. E-mail: msaberi @aut.ac.ir

%Professor, Dept. of Civil and Environmental Engineering, Amirkabir
Univ. of Technology, Tehran, Iran. E-mail: rahai @aut.ac.ir

3Professor, Dept. of Civil and Environmental Engineering, Tufts
Univ., Medford, MA 02155 (corresponding author). E-mail: masoud
.sanayei@tufts.edu

“Professor, Dept. of Civil and Environmental Engineering, Tufts
Univ., Medford, MA 02155. E-mail: richard.vogel @tufts.edu

Note. This manuscript was submitted on August 27, 2014; approved
on September 17, 2015; published online on January 20, 2016. Discussion
period open until June 20, 2016; separate discussions must be submitted
for individual papers. This paper is part of the Journal of Bridge
Engineering, © ASCE, ISSN 1084-0702.

© ASCE

04016005-1

combining structural health monitoring (SHM) with a probabilistic
bilinear stress—number of cycles (S-N) approach.

Yen et al. (2013) studied bilinear S-N curves using information
regarding equivalent constant amplitude stress ranges and recom-
mended a new slope for fatigue life estimation. The recommended
slope below constant amplitude fatigue limit was based on an ana-
lytical derivation regarding cumulative fatigue damage. Moreover,
Kwon et al. (2012) focused on fatigue life estimation below the con-
stant amplitude fatigue threshold (CAFT) for steel bridges on the
basis of a probabilistic approach. The research improved fatigue life
estimation by integration of a bilinear S-N approach into a probabil-
istic framework. Uncertainties of the fatigue deterioration process
were modeled using the approach. Application of the proposed
approach was illustrated using an existing bridge that was expected
to experience finite fatigue life.

In extending the field of fatigue life, Roeder et al. (2005) consid-
ered fatigue cracking of coped stringers riveted to floor beam con-
nections for better estimation of service life and life extension. The
study developed tools to evaluate damage limitation methods for the
coped stringer connection, and to better understand cracking and
crack growth. As a result, a design procedure was proposed for
improving performance and extending fatigue life. Razmi et al.
(2013) presented guidelines to evaluate elastic and plastic deforma-
tions for determination of the amount of deformation in piles, and es-
tablish the fatigue life of the piles in integral-abutment bridges.
Their research showed that seasonal fatigue life was much smaller
than daily fatigue life. For evaluation of measured response effects
as disturbance in the interpretation of fatigue life prediction results,
Leander and Karoumi (2012) researched quality assurance of meas-
ured response intended for fatigue life prediction. Also, statistical
distributions for monitored stress ranges were presented to assess fa-
tigue life. The objective of their research was to find reliable
approaches and methods for a quality assurance of the monitored
result for fatigue life prediction. Saranik et al. (2013) studied experi-
mental and numerical models for fatigue life prediction of bolted
connections. They reported that a probabilistic life prediction model
of a beam could be identified by a Monte Carlo simulation
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methodology. They showed that the information presented by the S-
N curve can provide data on the fatigue damage characteristics of
these connections. Maximov et al. (2012) focused on enhancement
of fatigue life of the net section in fitted bolted connections. They
developed an approach to introducing nearly uniform residual hoop
stresses. They showed that the residual hoop stresses enhance the fa-
tigue life of the net section in these connections.

This literature review reveals that it is possible to assess fatigue
life of steel bridges if measured responses are available for their
entire lifetimes. Although this can be accomplished for laboratory
component testing, such data are typically not available for full-
scale bridges. Because measured responses of steel bridges during
their lifetimes are generally unavailable, a tool is needed to predict
future responses from actual measured responses, which is the pri-
mary goal of this paper. The authors used the bootstrap method to
predict future measured responses. It provides a simple approach
for generating plausible sets of stress data that reproduce the empiri-
cal probability distribution of measured stress data, which can in
turn be used for service-life prediction. Bootstrapping is imple-
mented by randomly sampling from an independent measured data
set with replacement to create additional data sets that can be used
for further statistical analysis. Efron (1979), Carey (2004),
Sahrapeyma et al. (2013), and many others describe the bootstrap
approach, and Politis (2003) and Vogel and Shallcross (1996) pro-
vide guidance on the use of bootstrap methods for data series that
exhibit temporal dependence. Bigerelle and Iost (1999) and
Bigerelle et al. (2006) used bootstrap analysis for fatigue lifetime
prediction. Their research showed that the bootstrap is a powerful
tool for modeling probability density function of fatigue life time
prediction. Similarly, Follen et al. (2014) applied the bootstrap to a
bridge engineering problem concerned with damage detection.

Most researchers predict the service life, or fatigue life, of steel
bridges under average daily traffic. However, they do not normally
consider changes in the average daily traffic loads (Zhou 2006;
Chiewanichakorn et al. 2007). At best, they define average daily traf-
fic using a constant annual rate (Kwon and Frangopol 2010;
Alampalli and Lund 2006). Using a constant annual rate is unrealistic
because it ignores the natural and important variations in average daily
traffic. This paper introduces a service-life function for estimation of
remaining service life that considers actual changes in average daily
traffic. In addition, previous researches limited their analysis to only
stress ranges and number of cycles for fatigue life only using quantita-
tive values (Li et al. 2002, 2003; Chan et al. 2001). This paper takes a
different approach by proposing a quantitative and qualitative life
index for ultimate service-life prediction of existing steel bridges.

A regression analysis was performed based on stresses and asso-
ciated number of cycles for examining changes in the life index. The
service-life function was defined as the number of cycles experi-
enced by a steel bridge under actual changes of daily traffic using
only measured strains. This study predicted future stress ranges and
considered the relevant number of cycles that defines the service life
of a bridge on the basis of previous measurements. Each truck type
and weight has a different truck influence line at the strain gauge
location used with its own stress range during truck travel. The stress
ranges at a strain gauge location for different truck paths are differ-
ent. After obtaining the stress range from measured strain time his-
tory during each truck travel, the highest value of stress range was
used to determine the nominal stress. Then, the nominal stresses
were used to calculate fatigue life. For this well-designed bridge, the
calculated nominal stress of the Powder Mill Bridge (PMB) in the
target bolted connection was lower than the CAFT of stress. This is
the expected design practice for new bridges to avoid fatigue issues.
To demonstrate the fatigue life prediction methodology using the
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existing measured strain data at the PMB, maximum stresses were
used to calculate fatigue life instead of using nominal stresses. For
this purpose, a stress concentration factor was used to convert nomi-
nal stresses to maximum stresses. The maximum stress is the largest
or highest algebraic value of a stress range during truck travel com-
pared to the smallest algebraic value. This is the algebraic difference
between the maximum and minimum values. Each truck type and
weight has a different truck influence line with its own stress range.
In this paper, maximum stress per truck is the algebraic difference
between the maximum and minimum. Again, to demonstrate the
proposed method on an actual bridge, maximum stresses were
obtained from measured strains and were used instead of nominal
stresses at a critical location. The maximum-stress approach yields
more conservative results than use of nominal stresses for service-
life prediction with minimal computational efforts. This method can
estimate repair, retrofit, and replacement costs over the service life
of existing steel bridges, which can play an important role in trans-
portation systems everywhere. Here, service life and fatigue life are
assumed to have the same meaning and behavior.

Powder Mill Bridge and Instrumentation

The PMB over the Ware River in Barre, Massachusetts, was opened
to traffic in September 2009 (see Fig. 1). This bridge was selected
because it is a typical structural system that is frequently used in
most existing continuous steel girder bridges within the U.S. high-
way transportation network. It is a three-span continuous steel
girder bridge that has a 200-mm-thick composite concrete deck slab
and carries two lanes running north-south for a total of 47 m (154.2
ft) across the river. The main span is 23.5 m (77.1 ft) in length,
whereas the two end spans are 11.75 m (38.5 ft). A field splice is
located close to the north pier in the center span, where the steel
girders are bolted to plate girders. Although the PMB is in a rural
location, it supports heavy truck traffic from the Barre-Martone re-
gional landfill and recycling facility near the bridge. The steel gird-
ers are spaced at 2.25 m (7.4 ft) in the center. Steel diaphragms that
laterally connect the steel girders are spaced at 5.875 m (19.3 ft),
located at seven stations along the length of the steel beams. There
is a water main under the bridge between Girders 4 and 5 that is sup-
ported by smaller steel diaphragms and smaller spacing.

The PMB was instrumented with a long-term SHM system con-
taining a variety of sensors. The data acquisition system (DAQ) and
all analog-to-digital convertor boxes were installed under the bridge
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Fig. 1. PMB and data acquisition system (images by Masoud Sanayei)
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and are invisible from the outside. Six different types of sensors
were installed: strain gauges, steel temperature sensors, embedded
concrete temperature sensors, uniaxial accelerometers, biaxial tilt
meters, and pressure plates. These six different types of sensors com-
prise 200 sensors that were permanently installed on the bridge dur-
ing the construction process. The large number of sensors makes the
PMB one of the most instrumented bridges of its size, allowing the
bridge to function as a full-scale outdoor laboratory. Sanayei et al.
(2012) provided a complete description of the PMB and its instru-
mentation. As part of this monitoring system, 100 strain gauges
were installed to measure strains at steel girders, as shown in Fig. 2.
Most of the strain gauges are attached to the fatigue prone positions
close to supports and midspans. All sensors are connected to data ac-
quisition boxes, which are located near the south abutment.
Collected static strain measurements were used for the heavy truck
event-based service-life prediction. Subsets of these sensors have
been used for different studies. In this research, only one set of strain
measurements from one strain gauge was used for fatigue service-
life studies.

The strain gauges are type KFG-5-350-C1-11L3M3R (Omega
Engineering, Inc., Stamford, CT), roughly 9.4 mm (0.37 in.) with
resistance of 350 Q. Strain gauges are installed at critical locations
where pairs of strain gauges are placed at the top of the bottom
flange and the bottom of the top flange at each location, for a total of
four at each station. This instrumentation plan is designed to record
the response of the bridge under daily traffic loads and to establish
the strain histograms at each location. These histograms illustrate
the bimodal nature of the probability distribution of the truck travel
stress output or probability density function (PDF) of maximum
stresses. It would be difficult to capture the behavior of such bi-
modal PDFs without the use of the bootstrap method, as advocated
in this study. The instrumentation for service-life prediction was
selected for measurements at strategic locations with high stress
concentrations that might experience cracking.

The annualized average 24-h traffic volume at a specified section
of highway is the average daily traffic (ADT) volume, which is cal-
culated by dividing traffic volume during a period by the number of
days in that period. All existing steel bridges exhibit responses
through loading interactions under daily traffic volume, which can
lead to cumulative fatigue. For these load cases, the steel girders’
operational responses to trucks of unknown weight and size are
recorded. The collected strain output data are referred to as meas-
ured strain data under heavy truck loadings. In this paper, the maxi-
mum measured strain data from heavy-truck events were used to
estimate statistical distribution functions that predict the service life
of the PMB under normal operating conditions. In other words,
using the measured data on operational strain as a result of daily
traffic, the PMB service life was predicted on the basis of a service-
life function using a nonparametric statistical technique, the boot-
strap method.

In measured signal processing, there is always some level of am-
bient vibrations, measurement error, and measurement electronic
noise. Measurement errors are filtered to create relatively clean

Fig. 2. Strain gauge installation process

strain measurements for moving trucks. One of the most common
filters is the moving average in time domain. The moving average
filter removes random noise from operational strain data. Because
measurement noise generally has higher frequency content than
structural responses, a moving average filter can remove some of the
noise while retaining the response. A strain-measurement postpro-
cessing program selectively collects strains from only the heaviest
truck events by excluding data that do not exceed a threshold strain
measurement. The moving average filter is then applied to the truck
event in an effort to reduce measurement error, and the maximum
measured strain in each truck event is used for bridge service-life
prediction.

Finite-Element Modeling for Critical-Point Fatigue
Analysis of the PMB

Bolted connections with splice plates are widely present in existing
steel bridges because they offer a large load-carrying capacity and
easy assembly. These connections are typically the most critical
type for fatigue damage and failures. They are sensitive to fatigue
cracking because of high-stress fields around bolt holes in steel
plates and segments of steel girder webs and flanges. In the PMB’s
splice section, shown in Fig. 3, the top and bottom flanges of the
spliced girders are bolted to eight steel plates bridging the two gird-
ers. Therefore, uniaxial stress ranges at steel plates and flanges of

Fig. 3. PMB bolted connections as fatigue-critical locations (image by
Masoud Sanayei)
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the connection are obtained to investigate fatigue life by S-N curve.
In other words, the longitudinal tensile stresses (o) present near the
bolt holes are used to evaluate fatigue life, because fatigue failure in
bolted connections is provoked by initiation and growth of fatigue
cracks around the holes. The longitudinal tensile stresses can gradu-
ally open these cracks and eventually result in crack growth. A fa-
tigue failure will occur after a specified set of repeated loading
cycles. Because a failure of one of these bolted connections is likely
to result in serviceability or life safety issues, the fatigue failure of
the PMB is calculated on the basis of fatigue life of bolted connec-
tions of different girders under heavy truck events.

To determine the most critical girder for evaluating fatigue, it is
necessary to determine which girder experiences the highest load-
ing under truck events. To accomplish this, a three-dimensional
(3D) finite-element (FE) model for the PMB was developed. The
FE model was created using four-noded shell elements for the steel
girders and eight-noded solid elements for the concrete deck.
Because the girders are supported by elastomeric neoprene bearing
pads at all piers and abutments, translational and rotational springs
were used to model the boundary conditions. The pads are very soft
in the horizontal direction and have a minimal impact on bridge
deck stresses and strains caused by gravity loads. The full descrip-
tion of this calibrated FE model is given by Sanayei et al. (2012).
The model is called a coarse solid/shell element model that has been
shown to be sufficiently accurate and computationally efficient. The
geometry of the PMB is modeled as accurately as possible to ensure
the FE model well represents the response of most critical steel gird-
ers under moving heavy truck loads.

After creating the FE model of the bridge, it was analyzed under
different truck loading patterns running along the length of the bridge.
Assumed truck loading paths were used to excite each girder for daily
traffic—based service-life prediction to determine the most critical
girder for fatigue service-life prediction. The HS20-44 design truck,
with an axle longitudinal distance of 4.3 m (14 ft) and a concentrated
tire loading lateral distance of 1.8 m (6 ft) for a truck weighing 358.7
kN (40 kips), was used for all load paths (AASHTO 2013a).

Fig. 4 shows a 3D view of the PMB model deck with the north in
the upper-right corner and the load path X1 highlighted. The six
longitudinal steel girders supporting the deck are numbered G1-

High stress region

G6, from left to right. The analysis showed that Girder G2 exhibited
the highest stresses under Load Path X1, as shown in Fig. 4. In Path
X1, the right tire is placed over Girder G2, and the left tire is 0.61 m
off of the northwest curb to induce higher stresses. The crawl speed
of the truck is approximately 1.34 m/s. The exterior Girders G1 and
G6 did not exhibit a high enough response as a result of geometric
limitations for loading imposed by the curb and sidewalk.

The aforementioned FE model analysis was performed with a
truck of known size and weight for determination of the most critical
girder. However, because daily traffic is not controlled by size,
weight, or path, an automated system of SHM and service-life pre-
diction was required that was independent of truck characteristics.
For this study, the measured response of strain gauge No. 26 (SG-
26) was used. SG-26 is located on the second steel girder (G2) near
the north pier connection. SG-26 is on the interior side of the bottom
flange of the steel girder. This specific gauge was chosen because it
is located roughly at the location that receives the maximum stresses.

Strain and Stresses for Fatigue Analysis

A long-term monitoring program was configured on site to auto-
matically and continuously collect measured strain data from heavy
truck events. Data were collected for 175 days spaced intermittently
between December 2013 and May 2014 (approximately 6 months).
In total, 44,463 measured strain data, which exceed the specified
threshold, were collected from the daily traffic volume at a sampling
rate of 50 Hz.

Temperature-related effects are the most common causes of
changes in strain measurements. Moreover, variations in measured
strain data are affected significant by seasonal changes. The strain
data from the vehicle events are used to estimate a nonparametric
cumulative probability distribution of maximum strain measure-
ments. To remove the temperature effects for use in fatigue calcula-
tions, each strain gauge record is zeroed out based on the initial
reading before the truck drives onto the bridge. The ambient tem-
perature does not vary significantly during the short time that a truck
passes the bridge.

Fig. 4. FE model of the PMB (critical load path on Girder 2)
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There is a CAFT of stress for each material’s S-N curve, which
can also be called the endurance limit, the fatigue limit, or the fatigue
strength. It is a threshold stress level below which the specimen will
not develop fatigue cracks during the expected life of the bridge. In
contrast, below this threshold, the material may endure an infinite
number of cycles, giving it an infinite fatigue life. For the PMB, the
ocarr 18 equal to 69 MPa (10 ksi), determined according to the ex-
perimental S-N curve of A572 steel (Woo et al. 2002). The equation
of the experimental S-N curve for this steel alloy is expressed as

log N = 15.088 — 4.097 log$ (1)

Here, the constant amplitude fatigue threshold of strain is eval-
uated on the basis of CAFT of stress using linear elastic behavior
(ecarr = ocarr/E). A heavy truck event is defined as an event
from the maximum strain output from SG-26 that is greater than
ecarr = 345 (1e) based on its histogram. The measured strain data,
which are more than the CAFT, experienced by the connection
resulted in a total of 1,225 measured heavy truck events.

According to Hooke’s law, maximum stresses are linearly pro-
portional to measured strain data for linear-elastic behavior of steel
materials. The modulus of elasticity of steel used is 200,000 MPa
(29,000 ksi) for all steel girders of the PMB. Because the bending
stresses in the steel girder flanges are mostly uniaxial, the measured
axial strains are multiplied by the modulus of elasticity for calcula-
tion of axial stress. Thus, the calculated maximum stresses are uni-
axial stresses in the longitudinal direction, defined as the x-axis in
the model shown in Fig. 4. By assuming that only the elastic stress
region is considered for fatigue behavior in existing steel bridges,
the maximum stresses are calculated using 1,225 measured heavy
truck events. The tensile maximum stresses above the endurance
limit tend to open cracks and can cause fatigue failures in bolted
connections.

Nominal stress is defined by dividing the axial load by the net
cross-sectional area at a notch or hole. This kind of stress is calcu-
lated by simple elastic theory, ignoring any plastic behavior. The
nominal stresses are used to evaluate the service life of existing steel
bridges. Also, there are stress concentrations near holes, notches,
and other changes in sections. This distribution contains calculated
stresses that have larger magnitudes than the nominal stress over the
section area. A stress concentration factor is defined as a ratio of
maximum stress to nominal stress. In other words, the maximum
stress level is equal to the concentration factor multiplied by the
nominal stress. The calculated nominal stress of the PMB in the tar-
get bolted connection is lower than the constant amplitude fatigue
threshold of stress. To demonstrate the service-life prediction
method, the maximum stresses are used for the PMB based on fa-
tigue stress concentration factor (kg). The fatigue stress concentra-
tion factor (k) for this type of bolted connection with the given ge-
ometry is calculated to be equal to 3.2 (Pilkey and Pilkey 2008).
Use of the maximum stress instead of the nominal stress leads to a
more conservative service-life prediction for the PMB.

Fatigue Analysis Using the Bootstrap Method

A PDF of measured strains is needed to characterize the probability
of occurrence of the maximum stress data. The nonexceedance
probability associated with a maximum stress (o) is determined by
its cumulative distribution function (CDF). The complement of the
CDF yields the exceedance probability of a maximum stress value
and is known as the survival distribution function (SDF). For the
1,225 heavy truck events for SG-26 collected from the PMB, and
i = 1-1,225, the absolute maximum stress values per event (o;) are
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ranked such that o, is the largest maximum stress value related to
&1 and 01975 is the smallest related to ecapr. The largest maximum
stress value (o;) is 130 MPa (18.85 ksi), and the smallest value
(01225) 1s 69 MPa (10 ksi). The SDF is a plot of the ordered values
of the absolute maximum stress per heavy truck event against their
probability of exceedance (p;). The probability of exceedance is
computed using a Weibull plotting position, p; = i/(m + 1), where m
is the sample size (m = 1,125) and i is the rank of the observation, as
shown in Fig. 5. The Weibull plotting position is appropriate
because it yields an unbiased estimate of the exceedance probabil-
ities of the stress values, regardless of the form of their underlying
PDF (David and Nagaraja 2003).

A key concern is a determination of the minimum number of
measured strains needed for the bootstrap resampling strategy to
ensure that the resampled distribution mimics the original empirical
SDF during each bootstrap experiment. Fig. 6 illustrates the behav-
ior of estimates of three quantiles from an SDF derived using vary-
ing numbers of events analogous to the analysis (Follen et al. 2014).
Fig. 6 illustrates that a stable SDF results when the maximum stress
value at a certain probability of exceedance does not change signifi-
cantly with the addition of more data from the same distribution.
Inspection of Fig. 6 indicates that at least 1,000-1,200 heavy truck
events are required as the minimum sample size for implementing a
bootstrap approach for determination of the SDF. Therefore, selec-
tion of the sample size comprising 1,225 heavy truck events should
yield a realistic and stable SDF for the PMB. This uniquely col-
lected sample is considered adequate to generate stable and inde-
pendent sets of SDFs from the bootstrap experiments that follow.

For each structural girder, there are many points on the experi-
mental S-N curve. Each point on the S-N curve determines a specific
stress level on the S-axis and a corresponding number of cycles on
the N-axis. For a typical girder, the corresponding number of cycles
is normally on the order of several millions, which defines the fa-
tigue life. In fact, this value is the total number of cycles experienced
during the lifetime of the girder. Therefore, it is possible to predict
the service life of the steel girder if the total number of cycles is
known. Because only a finite number for both stress points and cor-
responding number of cycles could be obtained from the 1,225
measured heavy truck events, the bootstrap method was used to gen-
erate the several million cycles of data needed for this analysis by
resampling the measured events. There is an equivalent of 1.5 cycles
for each heavy truck event crossing the PMB on the basis of the
AASHTO LRFD bridge design specification (AASHTO 2013a).
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Because there is a continuous time history for maximum stress data,
a rainflow method is used for counting more accurately the number
of fatigue cycles. The rainflow method is beneficial for using the
actual number of induced cycles, which is 1.5 for each heavy truck
event for this case study. Therefore, the rainflow method is used to
validate the code value of 1.5.

The fatigue of steel bridges is an additive type of damage under
cyclic live loads caused by daily traffic. If the number of cycles of
traffic volume is specific during the lifetime of a steel bridge, then
fatigue life is normally calculated using this number of cycles.
However, it is not possible to measure this number of cycles during
the lifetime of a steel bridge, thus only a small subset of this number
of cycles is measured. Then, the number of cycles during the

lifetime of a steel bridge is calculated based on these measured
numbers of cycles using the bootstrap method. The bootstrap is
implemented using a matrix of the measured number of cycles and
the measured maximum stresses. Then, from this matrix, a boot-
strap sample of maximum stress data and a related number of cycles
is drawn randomly; with replacement, this is repeated until Miner’s
rule is satisfied. The SDF of maximum stress outputs is developed
using the bootstrap method to reach this goal, as shown in Fig. 7.
Here, the bootstrap is implemented by sampling randomly, with
replacement, from the measured maximum stress data set to create
additional data sets that can be used in further statistical analysis.
The theory of the bootstrap has shown that, for independent and
identically distributed random variables, such resampling with
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replacement preserves the PDF, CDF, and SDF of the data. Again,
the bootstrap method is used to generate new measured data until
Miner’s rule is satisfied. The bootstrap method is used to develop
9,199 new sets of resampled data from the 1,225 measured maxi-
mum stress data. Each new resampled data set is then used to de-
velop 9,199 new resampled SDF curves. Fig. 7 shows the SDF
resulting from each of the resampled data sets obtained via boot-
strapping, resulting in m = 1,225 measured stress data per SDF.
Also, each SDF is generated using measured stress data, sorted in de-
scending order. Two prediction intervals are plotted on the SDFs in
Fig. 7, as originally proposed by Vogel and Fennessey (1994) for
hydrologic applications and more recently used by Follen et al.
(2014) for a bridge application. Each of 9,199 curves or 9,199 sets of
maximum stress is made up of the ordered values [o ;) | for [ = 1—-
1,225, as previously defined, and j = 1-9,199. For 95% prediction
intervals with 9,199 curves, 5% of the maximum stress data at each i
value should be outside the intervals; that is, the 95% prediction
intervals at each i value are PIHIGHER BOUND(i) = T(i230) and
Pl owER BOUND(i) = O (ig969)- Lhe interpretation of the prediction
intervals in the figure is critical to determine the number of maxi-
mum stresses that provide sufficient basis for a reliable and repro-
ducible definition of the life index.

Miner’s Rule

Miner’s rule is one of the most widely used cumulative damage
models for fatigue life prediction of steel bridges because of repeti-
tive heavy truck loads. According to this rule, a percentage of fa-
tigue damage at a specified stress level is defined by a number of
loading cycles on the basis of the stress level. Also, the total damage
is defined as the fatigue failure of the steel girder occurring when
the number of cycles reaches 100%. All stress points on each SDF
curve in Fig. 7 are converted into their largest maximum stress point
with the corresponding number of cycles accounted for failure using
Miner’s rule. Then, the largest maximum stress points are derived
as (o )/., where o is equal to the largest maximum stress level for
curve j. For example, the largest maximum stress level is 130 MPa
(18.85 ksi) for the first curve. Also, all numbers of cycles associated
with bootstrapped SDF curves are converted into their equivalent
number of cycles (N;'), which is given as

(N 1 ) j
), " @

N; = (nl)jJrZ

where i = number of measured stress cycles (1-1,225 in this study);
J = number of SDF curves in descending order (1-9,199); () ;=
number of stress cycles applied at largest maximum stress point
(o) per curve (1.5); (n;) ;= number of stress cycles applied at other
maximum stress points (o) per curve (1.5); (N )j = number of
cycles to fatigue failure applied at maximum stress level (o) per
curve, which is determined using the experimental S-N curve or
Eq. (1); and (N;) ; = number of cycles to fatigue failure applied at
each stress level per curve, which is determined using the experi-
mental S-N curve or Eq. (1).

The bootstrap is continued until Z[(N*)j/(Nl )] = 1forj=1-
9,199 based on Miner’s rule, resulting in a total of 9,199 generated
SDF curves. According to the obtained points, a plot of the largest
maximum stress of bootstrapped curves versus cumulative number
of cycles was drawn, as shown in Fig. 8. Therefore, for all points,
the largest maximum stress values of each curve are ranked from
the largest to the smallest, and the cumulative dependent number of
cycles (Neumulative ) 1S given as
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Ncumulative = NT + Z
j (NI )] !

where j = number of SDFs (1-9,199 for the PMB); N} = equivalent
number of cycles relate to the first curve; N;' = equivalent number
of cycles related to the jth curve; (N;), = number of cycles to fa-
tigue failure applied at the largest maximum stress of the first curve,
which is determined using the experimental S-N curve or Eq. (1);
and (N) ;= number of cycles to fatigue failure applied at the largest
maximum stress of the jth curve, which is determined using the ex-
perimental S-N curve or Eq. (1).

The total number of all stress cycles is used because fatigue dam-
age is cumulative and related to the number of loading cycles expe-
rienced by each specimen of the bridge load-carrying system. The
plot in Fig. 8 contains 9,199 points that are representative of the
largest maximum stress point of each bootstrapped curve. Also,
the cumulative dependent number of cycles of the PMB is deter-
mined using Eq. (3), which is 4,156,261 cycles. This calculation is
based on a bootstrap with a 5% prediction interval, and shows the
ultimate number of stress cycles above the endurance limit that the
target steel connection of the PMB can endure before occurrence of
a fatigue failure resulting from heavy truck loads.

Service-Life Prediction of the PMB Based on Service-
Life Function

The main goal of this paper was to propose a service-life function to
predict the service life of existing steel bridges based on life index.
The life index (u;) is defined using a mapping of all stresses to a
range of [0, 1] as

= (0-1)1 - (Ul)maximumj )

(Ul )minimumj - (Ul )maximum j

In this paper, the minimum and maximum j values are equal to 1
and 9,199, respectively, where (o), =130 MPa (18.85 ksi) and
(01)9,199 =69 MPa (10 ksi). This index shows variation of the age
of steel bridges under daily traffic loads. The life index is calculated
for inferring the service life of the PMB using Eq. (4). Aging of the
PMB over a period of time is shown by the gradual decrease of life
index based on a linear interpolation, as shown in Fig. 9. The life
index points are ranked from the largest to the smallest in the figure,
meaning the life index decreases gradually as the PMB ages. The
life index points simulate different degrees of fatigue deterioration
in the G2 bolted connection. This index starts from unity, indicating
that the PMB is undamaged and no repair deemed necessary. In
contrast, when the life index is less than 1, the PMB is subjected to
fatigue cycles and it is moving toward fatigue failure until a collapse
oceurs as g 199 approaches Neymulative- The M9 199 is equal to
zero and Neymutative 18 4,156,261 cycles in the collapse scenario. The
life index is used as a reliable fatigue signature to envision the exist-
ing condition of the PMB under load cycles. Also, this paper con-
firms that the index is sufficiently sensitive to fatigue damage and
results in a good indicator for prediction of fatigue life for the PMB
subjected to heavy truck events. Fast decrease of the life index of an
existing bridge warns of rapid fatigue deterioration of the existing
steel bridges, which necessitates close attention for required repair
of the bridge. There is one response variable and one predictor vari-
able, the life index points and the cumulative number of cycles,
respectively, which are shown in Fig. 9. The life index points have
provided sufficient information to define and develop a service-life
function for the PMB.
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Fig. 9. Life index points versus cumulative number of cycles

There are several mathematical functions for curve fitting to
scattered data in several applied literature sources that are used for
conventional linear computations. This paper presents an estimation
function that is general, simple to compute, and invariant using a
single shape of function comprising both life indices and cumula-
tive number of cycles. The main goal of this function is to consider
actual changes in average daily traffic for remaining service-life
prediction. Therefore, a regression model is proposed for modeling
service-life function [f( )] using a curve that is fitted through the
life index points (u ; versus Ncumulative)- The regression analysis is
used for investigation of relationships between life index and
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number of cycles to fatigue failure. The service-life function is a
decreasing function of the life index. Thus, an inverse exponential
function is used to predict fatigue life based on actual changes in
traffic volume. This function takes the following general form:

Flw) = (L L )>C

where constants a, b, and ¢ for the PMB = 0.421, 20.25, and -3.929,
respectively. The function f(u) is used here to approximate the
complex nonlinear relationship of the life index with 95%

(&)
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prediction interval corresponding to future life index predictions, as
shown in Fig. 10.

Remaining Service Life

The service life of new and in-service bridges can be estimated on
the basis of the proposed function duration of service and ADT.
ADT is equal to a total heavy truck traffic volume during a given
time period, ranging from 1 day to 1 year, divided by the number of
days in that time period. As stated, whereas the life index is used
as an index for prediction of maximum service life of the PMB,
the service-life function is used to assess remaining service life

of the bridge at every arbitrary time interval. The predicted
remaining service life derived from the model can contribute to
effective management of steel bridges. The remaining service
life of existing steel bridges is estimated by the difference of
Neumulative and the service-life function [f(,u)] cycles divided by

(NADT)Heavy trucks 45
(Ncumulative) - f( 2 )

T =
(N ADT)Heavy trucks

(6)

where (Napr) = number of cycles for ADT in 1 year for heavy
trucks. The remaining service life of the PMB after 5 years is deter-
mined using Eq. (6) and is given as

o
o

Life Index (u)
o o
E ]

o
©w

i| + Life index points
Ry = [(0.421-In(1-1))/20.25)] ~3-9%°
:| ——-95% Prediction intervals | i
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Fig. 10. Inverse exponential service-life function of the PMB
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4,156,261 — 12,250

T =
1,225
( 175)

=592,001(days) = 1,621 (years)

)

Therefore, the remaining fatigue life of the PMB is approxi-
mately 1,600 years with a 95% prediction interval according to Eq.
(7). This is possible and acceptable because the new existing steel
bridges are designed to have an infinite service life (Lund and
Alampalli 2004), and the PMB is one of them. The average annual
daily traffic (AADT) contains data for 24 h, 365 days per year; how-
ever, the value will vary year to year. In fact, because of increasing
demand, the AADT for a given bridge generally increases. Hence,
the number of cycles can change throughout the PMB’s service life.
For example, it is assumed that the measured largest maximum
stress level of the PMB extracted is 70.84 MPa (10.15 ksi) as a
result of heavy truck events after 50 years. The life index related
to this stress level is calculated using Eq. (4), that is 0.113
(= 0.113). Then, the induced number of cycles at this stress
level is determined by Eq. (5), which is 1,500,000 cycles
[f(w) = 1,500,000 cycles], as shown in Fig. 11. As result, the
PMB’s remaining service life using Eq. (6) is given as

o 4,156,261 — 1,500,000
- 2,450

= 1,084 (years) (8)

The aforementioned equation proved that Eq. (6) has a better
predictive capability compared with other proposed methods for
service-life prediction because it is capable of considering actual
changes in the ADT for fatigue life calculations. According to a tra-
ditional method, the remaining service life after 50 years will be cal-
culated as

T=1,621 —50 =1,571 (years) )

The remaining service-life value in Eq. (9) is not based on con-
sideration of actual changes in ADT, whereas the actual remaining
service life is 1,084 years as calculated in Eq. (8). As a result, the
presented method is particularly suitable for prediction of remain-
ing service life of existing steel bridges and realizing traffic volume
changes.

Conclusions

A SHM system was developed and installed at the PMB in Barre,

MA. Operational strain measurements were collected for almost 6

months, leading to a sample of 1,225 truck excitations and response

measurements. The series of independent strain measurements were
converted into measured stress data, which were below the constant
amplitude fatigue threshold. A stress concentration factor was used
as a multiplier for converting nominal stresses to the maximum
stresses. A fatigue analysis based on the bootstrap method using

Miner’s rule was performed for assessment of the remaining num-

ber of cycles. The following results were obtained from this

research study:

1. A statistical method was introduced for estimating the number
of fatigue cycles of existing steel bridges under heavy truck
events using a nonparametric bootstrap method combined with
a regression analysis. The proposed method was able to
effectively predict service life using only operational strain
measurements.

2. The bootstrap method as a nonparametric statistical tool was
successfully used to predict possible future fatigue cycles. This
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method is simple and uses brute force computer computations
to replace the complex theoretical assumptions and relation-
ships required for most statistical approaches used to summa-
rize data.

3. The proposed service-life index can quantify variation of the
age of steel bridges under daily traffic loads. This index pro-
vides both a quantitative and qualitative index for ultimate
service-life prediction of existing steel bridges. This index
could be further used in bridge management. Here, the life
index of a bridge was investigated to determine the capacity of
the bridge under repetitive loads. Changes in the life index
were sufficiently sensitive to the fatigue damage of bridges
caused by heavy truck events.

4. The proposed service-life function can predict steel bridges’
remaining service lives for any arbitrary future time period
within the range of values considered in these experiments. The
fitted service-life function was capable of considering actual
changes in the ADT for prediction of remaining service life.
Generally, the predicted remaining service life derived from
the model could contribute to effective management of steel
bridges, whereas the timely repair and retrofit increase the
safety levels in bridges and decrease costs.

5. This paper documents that regression analysis can provide a
powerful tool for determining accuracy of statistical functions
for service-life prediction. Consequently, the proposed method
assists bridge engineers, bridge owners, and state officials in
the objective assessment of deteriorated bridges for retrofit or
replacement of in-service bridges. The proposed methodology
has successfully predicted the remaining service life for the
PMB.

Future Work

The proposed method can only predict the remaining life of a steel
bridge based only on its fatigue behavior. Future work in the field of
service-life prediction of existing steel bridges should consider
inclusion of multiple damage effects and environmental conditions.
Consideration of these effects and conditions may improve both the
quality and accuracy of available models and the proposed function.
By doing so, researchers could investigate temperature effects on
the service-life function. Other multivariate factors that can be
included in the service-life function are corrosion, scour, earth-
quake, typhoon, and fire. Multivariate regression methods are
ideally suited to the development of such relationships. It is notable
that this method is general and applicable to all steel structures that
might be subjected to fatigue-inducing cyclic loads. In addition to
bridges, examples include mechanical systems, aerospace systems,
power transmission, and civil constructed facilities.

References

AASHTO. (2013a). Interim revision to the AASHTO LRFD bridge design
specification, 6th Ed., Washington, DC.

AASHTO. (2013b). Manual for bridge evaluation, 2nd Edition, 2013
Interim Revisions, Washington, DC.

Alampalli, S., and Lund, R. (2006). “Estimating fatigue life of bridge com-
ponents using measured strains.” J. Bridge Eng., 10.1061/(ASCE)1084
-0702(2006)11:6(725), 725-736.

Bigerelle, M., and lost, M. (1999). “Bootstrap analysis of FCGR, applica-
tion to the Paris relationship and to lifetime prediction.” Int. J. Fatigue,
21(4),299-307.

Bigerelle, M., Najjar, D., Fournier, B., Rupin, N., and lost, A. (2006).
“Application of lambda distributions and bootstrap analysis to the

J. Bridge Eng.

J. Bridge Eng., 04016005


http://dx.doi.org/10.1061/(ASCE)1084-0702(2006)11:6(725)
http://dx.doi.org/10.1061/(ASCE)1084-0702(2006)11:6(725)

Downloaded from ascelibrary.org by Tufts University on 02/01/16. Copyright ASCE. For personal use only; all rights reserved.

prediction of fatigue lifetime and confidence intervals.” Int. J. Fatigue,
28(3), 223-236.

Carey, S. (2004). “Bootstrapping & the origin of concepts.” Deadalus,
133(1), 59-68.

Chan, T. H. T., Li, Z. X., and Ko, J. M. (2001). “Fatigue analysis and life
prediction of bridges with structural health monitoring data—Part II:
Application.” Int. J. Fatigue, 23(1), 55-64.

Cheung, M. S., Juan, Z., and Chan, Y. B. (2009). “Service life prediction of
RC bridge structures exposed to chloride environments.” J. Bridge Eng.,
10.1061/(ASCE)1084-0702(2009)14:3(164), 164-178.

Chiewanichakorn, M., Aref, A. J., and Alampalli, S. (2007). “Dynamic and
fatigue response of a truss bridge with fiber reinforced polymer deck.”
Int. J. Fatigue, 29(8), 1475-1489.

David, H. A., and Nagaraja, H. N. (2003). Order statistics, 3rd Ed., Wiley,
Hoboken, NJ.

Efron, B. (1979). “Bootstrap methods: another look at the jackknife.”
Annals Stat.,7(1), 1-26.

Follen, C., Sanayei, M., Brenner, B., and Vogel, R. (2014). “Statistical
bridge signatures.” J. Bridge Eng., 10.1061/(ASCE)BE.1943-5592
.0000596, 04014022.

Huckelbridge, A., Kafali, C., and Gilmore, D. (2002). “Implementation of
field strain measurements for fatigue lifetime evaluation.” Dept. of Civil
Engineering, Case Western Reserve Univ., Cleveland, OH.

Kwon, K., and Frangopol, D. M. (2010). “Bridge fatigue reliability assess-
ment using probability density functions of equivalent stress range based
on field monitoring data.” Int. J. Fatigue, 32(8), 1221-1232.

Kwon, K., Frangopol, D. M., and Soliman, M., (2012). “Probabilistic
fatigue life estimation of steel bridges by using a bilinear S-N
approach.” J. Bridge Eng., 10.1061/(ASCE)BE.1943-5592.0000225,
58-70.

Lahti, K. E., Hanninen, H., and Niemi, E. (2000). “Nominal stress range fa-
tigue of stainless steel fillet welds — The effect of weld size.” J. Constr.
Steel Res., 54(1), 161-172.

Leander, J., and Karoumi, R. (2012). “Quality assurance of measured
response intended for fatigue life prediction.” J. Bridge Eng., 10.1061
/(ASCE)BE.1943-5592.0000291, 711-719.

Li, Z. X., Chan, T. H. T., and Ko, J. M. (2002). “Determination of effective
stress range and its application on fatigue stress assessment of existing
bridges.” Int. J. Solids Struct., 39(9), 2401-2417.

Li, Z. X., Chan, T. H. T., and Zheng, R. (2003). “Statistical analysis of
online strain response and its application in fatigue assessment of a
long-span steel bridge.” Eng. Struct.,25(14), 1731-1741.

Lund, R., and Alampalli, S. (2004). “Estimating fatigue life of Patroon
Island Bridge using strain measurements.” Rep. FHWA/NY/SR-04/142,
New York State Dept. of Transportation, Albany, NY.

Maximov, J. T., Duncheva, G. V., and Ganev, N. (2012). “Enhancement of
fatigue life of net section in fitted bolt connections.” J. Constr. Steel
Research, 74,37-48.

© ASCE

04016005-11

Ni, Y. Q., Ye, X. W., and Ko, J. M. (2010). “Monitoring-based fatigue reli-
ability assessment of steel bridges: Analytical model and application.”
J. Struct. Eng., 10.1061/(ASCE)ST.1943-541X.0000250, 1563-1573.

Oh, B.H., Lew, Y., and Choi, Y. C. (2007). “Realistic assessment for safety
and service life of reinforced concrete decks in girder bridges.” J.
Bridge Eng., 10.1061/(ASCE)1084-0702(2007)12:4(410), 410-418.

Pilkey, W. D., and Pilkey, F. D. (2008). Peterson’s stress concentration fac-
tors, 3rd Ed., John Wiley & Sons, Inc., Hoboken, NJ.

Politis, D. N. (2003). “The impact of bootstrap methods on time series anal-
ysis.” Stat. Sci., 18(2), 219-230.

Razmi, J., Ladani, L., and Aggour, M. S. (2013). “Fatigue life of piles in in-
tegral-abutment bridges: Case study.” J. Bridge Eng., 10.1061
/(ASCE)BE.1943-5592.0000434, 1105-1117.

Roeder, C. W., MacRae, G., Leland, A., and Rospo, A. (2005). “Extending
the fatigue life of riveted coped stringer connections.” J. Bridge Eng., 10
.1061/(ASCE)1084-0702(2005)10:1(69), 69-76.

Sahrapeyma, A., Hosseini, A., and Marefat, M. S. (2013). “Life-cycle pre-
diction of steel bridges using reliability-based fatigue deterioration pro-
file: Case study of Neka Bridge.” Int. J. Steel Struct., 13(2), 229-242.

Sanayei, M., Phelps, J. E., Sipple, J. D., Bell, E. S., and Brenner, B. R.
(2012). “Instrumentation, nondestructive testing, and finite-element
model updating for bridge evaluation using strain measurements.”
J. Bridge Eng., 10.1061/(ASCE)BE.1943-5592.0000228,130-138.

Saranik, M., J ézéquel, L., and Lenoir, D. (2013). “Experimental and numer-
ical study for fatigue life prediction of bolted connection.” Procedia
Eng., 66,354-368.

Soliman, M., Frangopol, D. M., and Kown, K., (2013). “Fatigue assessment
and service life prediction of existing steel bridges by integrating SHM
into a probabilistic bilinear S-N approach.” J. Struct. Eng., 10.1061
/(ASCE)ST.1943-541X.0000584, 1728-1740.

Vogel, R. M., and Fennessey, N. M. (1994). “Flow-duration curves. I: New
interpretation and confidence intervals.” J. Water Resour. Plann.
Manage., 10.1061/(ASCE)0733-9496(1994)120:4(485), 485-504.

Vogel, R. M., and Shallcross, A. L. (1996). “The moving blocks bootstrap
versus parametric time series models.” Water Resour. Res., 32(6),
1875-1882.

Wang, C. S., Hao, L., and Fu, B. N. (2012). “Fatigue reliability updating
evaluation of existing steel bridges.” J. Bridge Eng., 10.1061
/(ASCE)BE.1943-5592.0000354, 955-965.

Woo, S. I, Jung, K. S., and Albrecht, P. (2002). “Fatigue behavior of trans-
verse stiffener subjected to variable amplitude loading.” KSCE J. Civ.
Eng.,6(2), 151-160.

Yen, B. T., Hodgson, I. C., Zhou, Y. E., and Crudele, B. B. (2013).
“Bilinear S-N curves and equivalent stress ranges for fatigue life estima-
tion.” J. Bridge Eng., 10.1061/(ASCE)BE.1943-5592.0000325, 26-30.

Zhou, Y. E. (2006). “Assessment of bridge remaining fatigue life through
field strain measurement.” J. Bridge Eng., 10.1061/(ASCE)1084
-0702(2006)11:6(737), 737-744.

J. Bridge Eng.

J. Bridge Eng., 04016005


http://dx.doi.org/10.1016/j.ijfatigue.2005.06.033
http://dx.doi.org/10.1016/j.ijfatigue.2005.06.033
http://dx.doi.org/10.1162/001152604772746701
http://dx.doi.org/10.1162/001152604772746701
http://dx.doi.org/10.1016/S0142-1123(00)00069-4
http://dx.doi.org/10.1061/(ASCE)1084-0702(2009)14:3(164)
http://dx.doi.org/10.1016/j.ijfatigue.2006.10.031
http://dx.doi.org/10.1214/aos/1176344552
http://dx.doi.org/10.1061/(ASCE)BE.1943-5592.0000596
http://dx.doi.org/10.1061/(ASCE)BE.1943-5592.0000596
http://dx.doi.org/10.1016/j.ijfatigue.2010.01.002
http://dx.doi.org/10.1061/(ASCE)BE.1943-5592.0000225
http://dx.doi.org/10.1016/S0143-974X(99)00056-5
http://dx.doi.org/10.1016/S0143-974X(99)00056-5
http://dx.doi.org/10.1061/(ASCE)BE.1943-5592.0000291
http://dx.doi.org/10.1061/(ASCE)BE.1943-5592.0000291
http://dx.doi.org/10.1016/S0020-7683(02)00120-8
http://dx.doi.org/10.1016/S0141-0296(03)00174-3
http://dx.doi.org/10.1016/j.jcsr.2012.02.010
http://dx.doi.org/10.1016/j.jcsr.2012.02.010
http://dx.doi.org/10.1061/(ASCE)ST.1943-541X.0000250
http://dx.doi.org/10.1061/(ASCE)1084-0702(2007)12:4(410)
http://dx.doi.org/10.1214/ss/1063994977
http://dx.doi.org/10.1061/(ASCE)BE.1943-5592.0000434
http://dx.doi.org/10.1061/(ASCE)BE.1943-5592.0000434
http://dx.doi.org/10.1061/(ASCE)1084-0702(2005)10:1(69)
http://dx.doi.org/10.1061/(ASCE)1084-0702(2005)10:1(69)
http://dx.doi.org/10.1007/s13296-013-2003-8
http://dx.doi.org/10.1061/(ASCE)BE.1943-5592.0000228
http://dx.doi.org/10.1016/j.proeng.2013.12.090
http://dx.doi.org/10.1016/j.proeng.2013.12.090
http://dx.doi.org/10.1061/(ASCE)ST.1943-541X.0000584
http://dx.doi.org/10.1061/(ASCE)ST.1943-541X.0000584
http://dx.doi.org/10.1061/(ASCE)0733-9496(1994)120:4(485)
http://dx.doi.org/10.1029/96WR00928
http://dx.doi.org/10.1029/96WR00928
http://dx.doi.org/10.1061/(ASCE)BE.1943-5592.0000354
http://dx.doi.org/10.1061/(ASCE)BE.1943-5592.0000354
http://dx.doi.org/10.1007/BF02829132
http://dx.doi.org/10.1007/BF02829132
http://dx.doi.org/10.1061/(ASCE)BE.1943-5592.0000325
http://dx.doi.org/10.1061/(ASCE)1084-0702(2006)11:6(737)
http://dx.doi.org/10.1061/(ASCE)1084-0702(2006)11:6(737)

