
Discharge indices for water quality loads

Richard M. Vogel

Department of Civil and Environmental Engineering, Tufts University, Medford, Massachusetts, USA

Jery R. Stedinger

School of Civil and Environmental Engineering, Cornell University, Ithaca, New York, USA

Richard P. Hooper1

U.S. Geological Survey, Northborough, Massachusetts, USA

Received 29 November 2002; revised 21 May 2003; accepted 22 July 2003; published 1 October 2003.

[1] Effective discharge has been used to describe the streamflow level that is responsible
for transporting the most sediment over the long term. Careful inspection reveals that this
concept may not have been well defined, and different interpretations have led to
conflicting representations. Because total load is ultimately the quantity of interest, we
define a new index, the half-load discharge, which is that discharge above and below
which half the total long-term load is transported. The value of the half-load discharge is
derived for a reasonable model of flows and constituent concentration. The effective
discharge has generally been thought to be a relatively common or frequent flood. The
half-load discharge is generally a much greater and less frequent flow than commonly
used estimators of the effective discharge. Relations provided here for the frequency and
magnitude of the half-load discharge provide evidence that it is relatively rare floods
that transport most of the sediment over the long term. These ideas apply to other
constituents as well. INDEX TERMS: 1815 Hydrology: Erosion and sedimentation; 1824 Hydrology:

Geomorphology (1625); 1860 Hydrology: Runoff and streamflow; 1871 Hydrology: Surface water quality;
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1. Introduction

[2] Since the pioneering article by Wolman and Miller
[1960], hundreds of studies have investigated the relations
between river sediment loads and the magnitude and fre-
quency of discharge that give rise to those sediment loads
for rivers around the world (see Sichingabula [1999] for a
list of citations). These studies have employed the concept
of ‘‘effective’’ discharges Qe, defined as the range of river
discharges that transport most of the sediment in the long
term. Wolman and Miller [1960] argued that the amount of
sediment transported by river flows of a given magnitude
depends on the form of the relationship between river
discharge and sediment as well as on the form of the
frequency distribution of the river discharges.
[3] The notion of effective discharge as a useful and

compelling concept is evidenced by over 300 refereed
journal articles citing the study by Wolman and Miller
[1960]. Andrews and Nankervis [1995] argue that the
conceptual model introduced by Wolman and Miller
[1960] describing the influence of flow magnitude and
frequency on the relative sediment-transporting effective-

ness of various discharges in natural channels has become
one of the fundamental paradigms of geomorphology.
[4] The site-to-site variability in the probability distribu-

tion of river discharge and the relationship between dis-
charge and sediment concentrations have led investigators
to a wide variety of conclusions regarding the frequency and
magnitude of the effective discharge. For example, estima-
tion of Qe for a wide range of U.S. rivers led Benson and
Thomas [1966] to conclude that this discharge is exceeded
12% of the time, or about 44 days per year. Wolman and
Miller [1960], Andrews [1980], and Leopold [1994] con-
cluded that the effective discharge is closer to the ‘‘bank-
full’’ discharge that occurs roughly once or twice per year.
More recently, Sichingabula [1999] found that Qe is
exceeded between 0.02 and 19.6% of the time or between
7 and 72 days per year. However, Kirchner et al. [2001]
found that it is the very rare catastrophic erosion events
that dominate the long-term sediment yield and not the
incremental yet frequent erosion events.
[5] The lack of agreement on the frequency of Qe led

Nash [1994] to introduce an analytical approach to eval-
uating the overall behavior and the recurrence interval
associated with the effective discharge. The mathematical
definition of Qe introduced by Nash [1994] is shown here
to be quite different from the estimators introduced by
Wolman and Miller [1960]. Furthermore, we show that the
value of Qe estimated using the mathematical expressions
introduced by Nash [1994] generally exceeds the value of
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Qe based on the approach suggested by Wolman and
Miller [1960].
[6] The primary objectives of this paper are to (1) pro-

vide a rigorous mathematical definition and justification of
several discharge indices including Qe, (2) extend the
definition of these discharge indices to all constituent
loads, and (3) evaluate the theoretical behavior of these
indices. Relations between the frequency and magnitude of
the discharge indices are derived, and an application
is provided to the Susquehanna River at Harrisburg,
Pennsylvania.

2. Transport Effectiveness of River Discharge

[7] Wolman and Miller [1960] introduced the concept of
work done by sediment as the product of the amount of
sediment carried by a given flow and the frequency of that
flow. We term that work done more generally as the
transport effectiveness because it represents the mass load
of any contaminant carried by a particular value of stream-
flow. If we let L be load and Q be discharge, then the
expected load can be defined as

mL ¼
Z1
0

E L Q ¼ qj½ � fQ qð Þdq; ð1Þ

where fQ(q) is the probability density function (pdf ) of
streamflow Q and E[LjQ = q] is the conditional mean load
given Q = q, where q denotes a particular value of
discharge. Parker and Troutman [1989] employed a similar
conditional analysis in their investigation of the probability
distribution of annual sediment loads. The mean load E[L]
is the integral of an expression, which we term the transport
effectiveness e(q), defined as

e qð Þ ¼ E L Q ¼ qj½ � fQ qð Þ: ð2Þ

The mathematical definition of transport effectiveness in
equation (2) is analogous to the definition of transport
effectiveness introduced by Wolman and Miller [1960],
which was

eWM qð Þ ¼ sediment carried by flowð Þ frequency of flowð Þ;

which can be written mathematically as

eWM qð Þ ¼ L qð ÞfQ qð Þ: ð3Þ

When one’s interest is in the long-term contaminant load,
the concept of transport effectiveness introduced byWolman
and Miller [1960] appears useful because it represents the
net load in units of mass.
[8] The definition in equation (3) is quite different from

the definition of transport effectiveness introduced by Nash
[1994], which was

eN xð Þ ¼ L xð ÞfX xð Þ; ð4Þ

where fX (x) represents the pdf of the logarithms of
streamflow X = ln(Q). A physical basis for use of

Nash’s definition of transport effectiveness is provided in
section 3.

3. Effective Discharge for Lognormal
Streamflows and Power Law Rating Curves

[9] Let effective discharge Qe be that streamflow which
maximizes the long-term transport effectiveness e(q). The
expressions for transport effectiveness derived in section 2
(e(q), eWM (q), and eN (X )) can be differentiated with respect
to discharge to determine their maxima. Analyses of this
type have been performed in hundreds of sediment transport
studies. By making a few simplifying assumptions about the
load-discharge relationship and the probabilistic behavior of
discharges, we can make general statements about the
magnitude and frequency of observing the effective dis-
charge that cannot be made by empirical studies. We follow
Nash [1994] and assume that daily river discharge Q
follows a two-parameter lognormal (LN2) distribution so
that

fQ qð Þ ¼ 1

qsx
ffiffiffiffiffiffi
2p

p exp 	 1

2

ln qð Þ 	 mx
sx

� �2
" #

; ð5Þ

where X = ln(Q) and mx and sx are the mean and standard
deviation, respectively, of X. The lognormal assumption
plays a central role in the following analyses; section 3.1
provides further background.

3.1. Properties of Daily Streamflow
in the United States

[10] Computation of daily sediment, nutrient, and other
constituent loads requires information regarding daily
streamflow. Extensive statistical analyses have been per-
formed on series of annual maximum, minimum, and
average streamflows (Vogel and Wilson [1996] provide a
review), yet few studies have summarized the behavior of
daily streamflow across wide regions. Using over 25 million
observations of daily streamflow at 1571 gauged rivers in
the United States, Limbrunner et al. [2000] used L moment
diagrams to show that daily streamflows are well approx-
imated by both a two- and three-parameter lognormal
distribution. Vogel and Fennessey [1993] found that ordi-
nary product moment estimates of the coefficient of varia-
tion and skewness of daily streamflow are remarkably
downward biased and should not be employed even with
very long time series of daily streamflow. Instead, estimates
of the coefficient of variation of daily streamflow CQ were
obtained using L moment estimators for a three-parameter
lognormal distribution. It was necessary to fit a three-
parameter lognormal distribution in this case because many
sites exhibit zero daily streamflows and the logarithm of
zero is undefined. L moment estimators of CQ, like ordinary
moment estimators, are bound to exhibit bias but are not
bounded above like ordinary moment estimators of CQ.
Figure 1 summarizes the relation between sample estimates
of the coefficient of variation of daily streamflow CQ and
drainage area for the entire United States, the northeastern
water resource region 1, and California region 18. Regions 1
and 18 correspond to the water resource regions developed
by the U.S. Water Resource Council. Across the United
States the median value of CQ is 10 with an interquartile
range from 3 to 33. For humid regions in the northeast, CQ
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does not seem to be scale-dependent, whereas in arid
regions such as in region 18, CQ tends to increase as
drainage area decreases. The extremely large values of CQ

correspond to intermittent rivers that include zero flows.

3.2. Theoretical Expressions for Effective
Discharge

[11] Using well-known transformations for the lognormal
distribution, the mean and variance of the logarithms are
related to the mean and variance of the flows via

mx ¼ ln
mQffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ C2

Q

q
2
64

3
75 ð6aÞ

s2x ¼ ln 1þ C2
Q

� �
; ð6bÞ

where mQ and CQ are the mean and coefficient of variation,
respectively, of the daily streamflows in real space. If a

sample estimate of CQ is desired, either L moments or
equation (6b) should be used to obtain ĈQ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
exp s2x

� �
	 1

q
,

where sx
2 is a sample estimate of variance of x = ln(q).

[12] As in studies by Cohn et al. [1992], Nash [1994],
Syvitski et al. [2000], and many others, we assume contam-
inant loads can be described using the power law model

L ¼ eaQbee ¼ exp aþ bX þ eð Þ; ð7Þ

where X = ln(Q), L has units of mass per day, a and b are
model parameters, and the e are assumed to be normally
distributed model errors with zero mean and constant
variance se

2. The use of a regression model that relates
streamflow to load is termed a ‘‘rating curve’’ method. This
rating curve is probably the most widely used approach for
estimating both sediment and nutrient concentrations from
continuous streamflow records, and it has proven satisfac-
tory for a wide range of rivers and constituents (see Cohn et
al. [1992] and Cohn [1995] for review).
[13] Since load L is the product of flow Q and concentra-

tionC, the power law rating curve in equation (7) implies that
C = exp[a + (b 	 1)X + e]. Dissolved constituents tend to
dilute hence for such constituents b 	 1 < 0 or b < 1
[O’Connor, 1976]. Suspended constituents, including
nutrients and sediment, tend to exhibit values of b > 1. For
example, Nash [1994] reported values of b corresponding to
suspended sediment load relations at 55 rivers across the
United States that ranged from 1.2 to 3.0 with a median value
of b = 1.76. Similarly, Syvitski et al. [2000] reported values of
b corresponding to suspended sediment load relations for
48 rivers in North America that are approximately normally
distributed with a mean of 2.15 and standard deviation of
0.42. Rudolph [2002] reports values of b of 0.78, 1.15, 1.25,
and 1.32 on the Grand River, Honey Creek, Maumee River,
and Sandusky River, respectively, for phosphorus load-
discharge relationships. If the bivariate power law model
given in equation (7) is not adequate, a multivariate power
law model can usually be fit that accounts for seasonal
variations and time trends [Cohn et al., 1992] as well as
hysteresis effects [House and Warwick, 1998].
[14] Using the two assumptions (1) LN2 probability

distribution of streamflows and (2) the power law load-
discharge model, the transport effectiveness of Wolman and
Miller [1960] can be compared analytically with that of
Nash [1994]. Figure 2 illustrates the transport effectiveness
for the case where the mean daily flow mQ = 1, the
coefficient of variation of the daily flows CQ = 5, a = 0,
and b = 1.5 in equation (7). The transport effectiveness e
curves computed using the two different approaches can
lead to very different conclusions regarding both e and the
discharge corresponding to the peak value of the transport
effectiveness, that is, the effective discharge Qe. Taking the
derivative of eN and eWM with respect to Q and setting it
equal to zero leads to expressions for the effective discharge
Qe based on Nash’s [1994] approach,

Qe Nashð Þ ¼ exp mx þ bs2x
� �

; ð8aÞ

and based on Wolman and Miller’s [1960] approach,

Qe Wolman & Millerð Þ ¼ exp mx þ b	 1ð Þs2x
� �

: ð8bÞ

Figure 1. Coefficient of variation of daily streamflow CQ

for (a) all regions of the United States; (b) region 1,
northeast; and (c) region 18, California.
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[15] Note that Qe(Nash) � Qe(Wolman & Miller) and
often is considerably so. For the case illustrated in Figure 2,
Qe(Nash) = 26, whereas Qe(Wolman & Miller) = 1, with
daily exceedance probabilities of 0.0033 and 0.18, respec-
tively. Each of these definitions of effective discharge has
different interpretations because each discharge corresponds
to the maximum of a different definition of transport
effectiveness. Over all possible discharges Q and associated
discharge intervals Q ±� (where� is some small change in
discharge), the Wolman and Miller effective discharge
estimator transports the maximum load. Similarly, over all
discharges associated with the ranges defined by [Q(1	�0),
Q(1 + �0)] (where �0 is a fraction of discharge), the
Nash effective discharge transports the maximum load.
Neither of these interpretations is as easy to understand as
the interpretation that follows.

4. Half-Load and f Load Discharge for
Lognormal Streamflows and Power Law
Rating Curves

[16] The half-load discharge Q1/2 is defined as that value
of discharge above and below which half the long-term
sediment load is transported. A very simple estimator of this
quantity, in practice, would be obtained by ordering all the
daily flows by magnitude and adding up the corresponding
sediment loads in order. When the sum of the sediment
carried reaches half the total, we have reached the half-load
discharge. Unfortunately, such a simple estimator can work
only if flows on the order of magnitude of the half-load
discharge and larger are well represented in the historical
record so that the sediment load-frequency relation is well
represented by the empirical experience. As will be
demonstrated, this is not commonly the case because the
half-load discharge is a very infrequent event.
[17] Under the distributional and power law assumptions

described above, we want to estimate Q1/2 from

ZQ1=2

0

E L Q ¼ qj½ � fQ qð Þdq ¼ mL
2
; ð9Þ

where the mean load mL is defined in equation (1). The
conditional expectation in equations (1) and (9) is E[LjQ =
q] = exp(a + b ln(q))exp(se

2/2) = eaqbese
2/2, where se2 is the

variance of the residuals in equation (7) and the factor

exp(se
2/2) represents the bias introduced from the retrans-

formation of the power law model [Ferguson, 1986].
Substitution of this and the pdf in equation (5) into
equations (1) and (9) leads to the general expression for
cumulative load

ZQ
0

eaqb
1

qsx
ffiffiffiffiffiffi
2p

p exp 	 1

2

ln qð Þ 	 mx
sx

� �2
" #

dq

¼ mL�
ln Qð Þ 	 mx 	 bs2x

sx

� �
; ð10aÞ

where

mL ¼ exp aþ bmx þ b2s2x=2þ s2e=2
� �

;

where x = ln(q) and � is the cumulative distribution
function for a standard normal variable. Combining
equations (9) and (10a) yields the needed equation for Q1/2:

�
ln Q1=2

� �
	 mx 	 bs2x
sx

� �
¼ 1

2
: ð10bÞ

This leads to the following closed-form equation for the
half-load discharge for use with lognormally distributed
daily discharges:

Q1=2 ¼ exp mx þ bs2x
� �

; ð10cÞ

which is identical to the expression for effective discharge
introduced by Nash [1994]. Previously, the interpretation of
Nash’s expression for effective discharge was that it
corresponded to the value of the logarithm of discharge
that maximizes the long-term contaminant load. We have
shown in section 3 that for a two-parameter lognormal
model, Nash’s definition of effective discharge is also that
discharge above and below which half the long-term load is
transported. We believe the concept of half-load discharge is
more interpretable than the definition given by Nash [1994];
hence we drop further reference to Nash’s index so that in
the remainder of this paper Qe always refers to Wolman and
Miller’s [1960] index.
[18] The concept of half-load discharge is easily gener-

alized to the f load discharge by replacing 1=2 in equation
(10b) with the generalized fraction f. The f load discharge is
that discharge above which a fraction f of the long-term load
is transported. It is given by

Qf ¼ exp mx þ sx bsx þ zf
� �� �

; ð11Þ

where zf is the percentile of a standard normal variable with
exceedance probability f. Solving equation (11) for the
fraction of load f carried by discharges in excess of Qf leads
to the expression

f ¼ 1	 �
ln Qf

� �
	 mx 	 bs2x
sx

� �
: ð12Þ

5. Relationships Among Discharge Indices

[19] The lognormal transformations given in equation (6)
can be combined with the discharge indices to yield

Figure 2. Relation between transport effectiveness e(q)
and discharge Q for a particular case.
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Q1=2 ¼ mQ 1þ C2
Q

h ib	0:5
ð13aÞ

Qe ¼ mQ 1þ C2
Q

h ib	1:5
: ð13bÞ

In general, the ratio of these two discharge indices is

Q1=2

Qe

¼ 1þ C2
Q ð14Þ

so that the difference between these two indices depends on
streamflow variability alone and not the parameters of the
load-discharge relation. The fraction of the load carried by
discharges greater than Qe may be found by setting Qf equal
to the effective discharge Qe, which leads to

f ¼ 1	 � 	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln 1þ C2

Q

� �r� �
; ð15Þ

where �( ) denotes the cumulative distribution function of a
standard normal variable. The expression in equation (15) is
illustrated in Figure 3. Note that f in equation (15) does not
depend on b. Interestingly, for sites with CQ in excess of 4,
over 95% of the long-term load is carried by discharges in
excess of the effective discharge. For watersheds withCQ > 4,
which are quite common, the effective discharge is not a very
useful index for describing the ability of the river to transport
loads over the long term. This is because the effective
discharge is simply the maximum of effectiveness rather than
its integral, which is the more meaningful quantity describing
the cumulative total mass of sediment transported for flows
up to some level.

6. Average Return Period of Discharge Indices

[20] Because daily streamflow is assumed to be lognormal,
the average return period T of a particular streamflow q, in
years, is given by

T qð Þ ¼ 1=365

1	 �
ln qð Þ 	 mx

sx

� � ; ð16Þ

where �( ) represents the cumulative distribution function
of a standard normal variable. Because daily streamflows
exhibit significant persistence and seasonality, one should
be careful when interpreting the average return period T(q).
It can be correctly understood as the average time between
exceedances of the streamflow level q, or one can consider
that the fraction of flows that will exceed the half-load
discharge is 1/T(q) in the long run.
[21] Combining equation (16) with the various discharge

indices defined in sections 4 and 5 leads to average return
periods (in years) of the effective discharge, the half-load
discharge, and the f load discharge:

T Qeð Þ ¼ 1=365

1	 � b	 1ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln 1þ C2

Q

� �r� � ; ð17aÞ

T Q1=2

� �
¼ 1=365

1	 � b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln 1þ C2

Q

� �r� � ; ð17bÞ

T Qf

� �
¼ 1=365

1	 � zf þ b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln 1þ C2

Q

� �r� � ; ð17cÞ

respectively. Figure 4 illustrates the average return period
(in years) corresponding to Q1/2 for values of CQ in the
range 0–25 for a range of values of b. In general, the
average return period is >1 year for b > 1 and <1 year for
b < 1. For sediment and nutrient transport problems in
which b is normally greater than unity, the half-load
discharge can easily exhibit return periods of several
decades or even centuries for most commonly observed
values of CQ. Recall that typical values of the exponent b
for suspended sediment loads range from 1.2 to 3 [Nash,
1994; Syvitski et al., 2000]. Thus, for a common case in
which b = 2 and CQ = 10, Figure 4 gives a return period of
about 300 years for the half-load discharge. For larger

Figure 3. The fraction of load f carried by streamflows in
excess of the effective discharge Qe as a function of the
coefficient of variation of daily flows CQ.

Figure 4. The average time between exceedances of the
half-load discharge Q1/2, in years, as a function of the
coefficient of variation of streamflow CQ and the exponent
b in the power law model.
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values of CQ and/or b the half-load discharge can easily
have a return period in excess of 1000 years. In such cases
the need for a theoretical model such as the one introduced
here becomes essential because the empirical approach
provides only information regarding a small fraction of the
long-term load.
[22] Figure 5 compares the average return period of Qe

and Q1/2. Naturally, because Qe is always less than Q1/2,
T(Qe) is always less than T(Q1/2). For commonly observed
values of CQ in the range of 2–10, Figure 5 shows that the
average return period associated with the effective discharge
is generally <1 year, except for situations when CQ and b
are both large. For values of b > 3 and values of CQ > 10,
the return period of the effective discharge is a rare flood.
Figure 5 demonstrates that the dramatic variations asso-

ciated with the return period of the effective discharge found
by previous investigators is to be expected. Such variations
are largely due to variations in the values of CQ and b.
[23] Figure 6 illustrates the average return period

corresponding to the f load discharge Qf as a function of
the exponent b for the case when CQ = 5. We observe that
for the case when CQ = 5 and b > 2, over 80% of the load is
carried by flows that have average return periods of 1 year
or greater.

7. Water Quality Monitoring Network Design

[24] Each curve in Figure 6 may also be thought of as a
water quality monitoring design curve for a particular
contaminant because each curve illustrates how much of
the long-term load is carried by daily flows of various
recurrence intervals. This allows one to determine the type
of flows that must be monitored in order to monitor a certain
fraction of the nutrient or contaminant load. However, one
must keep in mind that our analyses focus on the long-term
constituent load. Further research is needed to develop
discharge indices that characterize the more common con-
stituent loads that occur in most seasons or years, which
might be more relevant to water quality management.
[25] In the context of the design of a sampling strategy it is

interesting to note thatGilroy et al. [1990, Appendix p. 2077]
found that to minimize the root-mean-square error of the
estimated total annual load, the average of the logarithms of
the sampled discharges should equal log(Q1/2). Thus Gilroy
et al. [1990] show that the half-load discharge is indeed a
critical value around which one should sample to get an
accurate estimate of annual loads. Their result is a
mathematical one related to the minimization of sampling
error; the definition of and interpretation given here to the
half-load discharge illustrate why this quantity is indeed
critical: It is critical because it is at the center of the
distribution of constituent loads.

8. Application to the Susquehanna River

[26] In this section, we illustrate the application of these
ideas to the Susquehanna River at Harrisburg, Pennsylvania,

Figure 5. The average time, in years, between exceed-
ances of the half-load discharge Q1/2 and the effective
discharge Qe as a function of the exponent b in the power
law model for two different values of coefficient of
variation of streamflow: (a) CQ = 2 and (b) CQ = 10.

Figure 6. The average time, in years, between exceed-
ances of the half-load discharge Q1/2 as a function of the
fraction of the long-term load f carried by discharges in
excess of the f load discharge Qf.
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a 55,425 km2 basin. The river was gauged continuously
over the period 1890–2001, and 5626 suspended sediment
measurements are available for the period 1962–1981.
Figure 7 uses a probability plot to illustrate that a two-
parameter lognormal distribution provides an excellent fit to
the 19-year (1962–1981) sequence of average daily stream-
flows for this site, with the exception of the very low flows,
which have negligible impact on this analysis. Figure 8
illustrates the power law relation between daily suspended
sediment load and daily streamflow along with the fitted
model L = 0.00613Q1.84, where L is load in mg/d and Q is
streamflow in m3/s. The correlation between ln(L) and ln(Q)
is 0.943.
[27] Figure 9 illustrates the empirical and theoretical

relations between the fraction of the cumulative load f and
discharge Q. Here the empirical relation is computed by
simply ordering the flows and the corresponding measured
sediment loads and plotting the ordered flows versus the
cumulative fraction of the total load transported over this

19-year period. Note that Figure 9 is based only on the 5626
suspended sediment and associated streamflow measure-
ments and not the entire 365  19 = 6935 days. The
theoretical relation between f and Q is obtained from
equation (12). The empirical relation is truncated at the
largest flow, leading one to conclude that the entire long-
term load is carried by discharges lower than the largest
flow on record of 28,883 m3/s, which occurred in 1972. The
1972 flood resulted in the largest flow on record since the
flood stage record began in 1786.
[28] For this case, theWolman and Miller [1960] effective

discharge Qe = 1510 m3/s, using equation (8b). The
empirical half-load discharge Q1/2 = 4560 m3/s, and the
theoretical half-load discharge Q1/2 = 4480 m3/s based on
equation (10a); a bias correction factor to reflect the
sampling uncertainty in the three model parameters was not
employed (for such estimators, see Bradu and Mundlak
[1970]). In this case, given the relatively large number of
sediment and daily flow measurements, such a correction
should be small. In this case, the empirical and theoretical
half-load discharges are quite similar, and it is only for
discharges in excess of about 27,000 m3/s that the empirical
and theoretical relations between f and Q differ. To examine
the likelihood of these discharges, we fit a three-parameter
lognormal distribution to the series of annual maximum
discharges at this site. The empirical and theoretical half-
load discharges have average return periods of approxi-
mately 1 year. By comparison, the effective discharge Qe =
1510 m3/s was significantly lower than the lowest annual
maximum streamflow on record (which was 3653 m3/s);
thus Qe was exceeded every year. From Figure 7, 19% of
the average daily streamflows exceed Qe, whereas only
2.6% of the average daily streamflows exceed Q1/2 over the
long term. Viewing the series of annual maximum stream-
flows for this site for the entire period of record 1890–2001,
the annual maximum streamflow was greater than the half-
load discharge in just eight of those 117 years. Clearly, in
most years, suspended sediment measurements could only
provide information regarding less than half the long-term
load, yet without the theory introduced above, this would
not be so clear. For rivers in which CQ or b, or both, are
greater than for the Susquehanna River, the theoretical

Figure 7. Lognormal probability plot of the average daily
discharges on the Susquehanna River based on the record
from 1962 to 1981.

Figure 8. The relation between the suspended sediment
load and river discharge for the Susquehanna River based
on 5626 observations for the period 1962–1981.

Figure 9. Theoretical and empirical relation between the
cumulative long-term load fraction f and river discharge Q
for the Susquehanna River.
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model would provide even more information than for the
case considered here.
[29] Estimation of return periods associated with half-

load discharges will in many cases require extrapolation of
both the assumed power law load-discharge model as well
as the assumed lognormal probability distribution for daily
streamflow. Extrapolation can be dangerous, and we know
that sediment density cannot continue to increase with flow,
for eventually a cubic meter of water and sediment would
weigh more than the corresponding volume of concrete.
Even in this example, while the half-load discharge was
within the data set, it was based on a computation that used
the entire daily flow-frequency relationship and assumed
that the load-flow relationship was valid over that entire
range. Extrapolation of either of these two models beyond
the available data may not always be wise, and future
research should evaluate the validity and robustness of such
extrapolations. Clearly, results like those in Figures 5 and 6
that suggest that the half-load discharge has a return period
of 100,000 years should be taken with a grain of salt.
However, it is also clear, as shown in Figure 6 and for the
Susquehanna River in Figure 9, that large infrequent flows
are responsible for the movement of most sediment. That is
the point of the analysis.

9. Conclusions

[30] Until publication of the study by Wolman and Miller
[1960] it was commonly thought that relatively infrequent
floods were responsible for carrying the bulk of the
sediment load. After the introduction of the concept of the
effective discharge by Wolman and Miller [1960] a
consensus emerged that a wide range of relatively common
or frequent floods is responsible for the work involved in
shaping our landscape [e.g., Wolman and Miller, 1960;
Benson and Thomas, 1966; Ashmore and Day, 1988;
Sichingabula, 1999]. Hundreds of studies since Wolman
and Miller [1960] have identified the dominant or effective
discharge as that discharge interval that maximizes the
transport effectiveness. Such analyses provide a measure of
the effectiveness of individual flow rates in terms of their
ability to transport sediment over the long term. The problem
is that these analyses do not measure the effectiveness of the
entire flow distribution. This is because the effective
discharge is simply the maximum of effectiveness rather
than its integral, which is the more meaningful quantity
describing the cumulative total mass of sediment transported
for flows up to some level. The analyses here show that when
one accounts for the work done by the entire flow
distribution, one finds that most of the sediment is
transported by rather infrequent floods, particularly for
basins with large values of CQ and b (see Figures 4–6).
[31] Figure 3 demonstrates that for sites with streamflow

coefficient of variation CQ in excess of about 4 (which is
most rivers in the United States, as shown in Figure 1),
nearly all of the long-term nutrient or contaminant load is
carried by flows in excess of the effective discharge index
Qe, introduced by Wolman and Miller [1960], regardless of
the exponent b. Since nearly all load transport occurs for
streamflows in excess of Qe, this index is not a very useful
descriptor of the ability of a river to transport loads over the
long term. The half-load and f load discharge indices
introduced here appear to be more meaningful than Qe in

such situations because they clearly document which
discharges are responsible for carrying the bulk of the
long-term load.
[32] An empirical estimator of the f load discharge Qf is

obtained by simply ranking the streamflows and loads and
summing the loads until a fraction f is reached, at which
point the corresponding discharge becomes the f load
discharge. This empirical approach to estimation of Qf and
Q1/2 seems attractive because it does not require lumping
discharges into arbitrary intervals and does not require
assumption of a model structure. However, we have shown
that in most situations the half-load discharge is such a rare
event that it cannot be reliably estimated without use of a
flow-frequency model. In most cases, even long records of
streamflow and load will be insufficient in length; our
analyses have shown that it is unlikely we will have even
observed the half-load discharge. To evaluate such situa-
tions, it becomes necessary to employ the type of theoretical
analysis described here to obtain a more reliable estimate of
the frequency and magnitude of the half-load discharge than
can be obtained from the empirical approach on the basis of
ranking the loads and streamflows.
[33] For typical sediment transport problems the data

presented here demonstrate that the half-load discharge
can easily exhibit return periods of several decades to
centuries. This implies that it is relatively rare floods that
are responsible for carrying most of the sediment over the
long term, which was the consensus prior to the introduction
of the effective discharge concept in 1960. This conclusion
is consistent with measurements of sediment transport by
Kirchner et al. [2001], who found that incremental erosion
prevails most of the time but accounts for a small fraction of
the total sediment yield, whereas by contrast, catastrophic
erosion events are rare and brief but dominate the long-term
sediment yield.
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