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ABSTRACT: A regional hydrologic model is developed for estimating flow-dura-
tion curves at ungauged and unregulated basins in Massachusetts. Flow-duration
curves often exhibit complex shapes, requiring probability density functions with
three or more parameters. This study approximates the lower half of daily flow-
duration curves using a two-parameter lognormal probability density function. A
conjugate gradient algorithm is employed to fit lognormal density functions to the
lower half of observed flow-duration curves at 23 basins. Regional regression equa-
tions are developed to describe the lognormal model parameters in terms of easily
measured basin characteristics. The resulting regional flow-duration model only
requires estimates of the watershed area, and a basin relief parameter, both of
which are easily obtained from U.S. Geological Survey7 .5-min quadrangle maps.
In addition, confidence intervals are derived for flow-duration curves estimated at
ungauged sites. A validation experiment reveals that the resulting regional hydro-
logic model can provide remarkably precise estimates of a flow-duration curve at
an ungauged site, considering the simplicity of the model and its ease of appli-
cation.

INTRODUCTION

A flow-duration clc!rve is simply the cumulative distribution function of
daily streamflows at a site. Flow-duration curves were used widely during
the first half of this century .Evidence of their widespread use is provided
by Foster's (1934) description of flow-duration curves as one of the three
most familiar gI.aphical tools available to the hydrologist, the other two tools
being the hydrograph and the mass curve. The first use of a flow-duration
curve is attributed to Clemens Herschel in about 1880 (Foster 1934). Flow-
duration curves have been advocated for use in hydrologic studies such as
hydropower, water supply, and irriga.tion planning and design (Chow 1964;
Wamick 1984). In perhaps the most complete manual on flow-duration curves
ever written, Searcy (1959) describes additional applications to stream-pol-
Iution and water-quality management problems. Although most of the arti-
cles on flow-duration curves were written during the first half of this century ,
(Searcy 1959) , current textbooks still contain discussions pertaining to this
important tool (Linsley and Franzini 1979; Warnick 1984; Gupta 1989).

With increasing attention focused on surface water-quality management,
many agencies routinely require estimates of low-flow statistics to assure the
maintenance of water-quality standards. Other water resource interests that
must be considered, in addition to the assimilation of point and nonpoint
source discharges into strealns, include recreation, maintenance of wetland
habitats and endangered botanical species, and accommodation of stream
discharges and withdrawals associated with water resource systems. Each
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interest places unique constraints on the low-flow regime in terms of the
magnitude, frequency, and seasonality of both water-quality and -quantity
requirements. Such competing interests create a formidable problem for
agencies whose objective is to quantify acceptable (tolerable) low flows for
the purposes of managing stream withdrawals and discharges in a river basin.

The management of the low-flow regime in a river basin requires evalu-
ation of streamflow characteristics across a broad range of flow regimes.
Flow-duration curves are ideally suited to such tasks because they can be
modified to evaluate the impact of streamflow regulation (stream discharges
and stream withdrawals) on the resulting magnitude and frequency of stream-
flows. For example, in the state of Massachusetts, flow-duration curves are
currently employed for implementing the Water Management Act (WMA).
The WMA regulates surface and ground-water withdrawals that exceed an
average of O .1 mgd for any three consecutive months of the year. Flow-
duration curves are currently used in Massachusetts to evaluate the impact
of proposed future withdrawals on the net basin yield and low-flow char-
acteristics of a river basin.

Since most locations where flow-duration curves are required are not coin-
cident with stream gages, this study focuses on the development of flow-
duration curves for ungauged sites. Regional flow-duration curves for un-
gauged sites have been developed in Illinois, New Hampshire, the Philip-
pines, and Greece by Singh (1971), Dingman (1979), Quimpo et al. (1983)
and Mimikou and Kaemaki (1985), respectively.

GRAPHICAL PROCEDURES FOR CONSTRUCTING
FLOW-DuRATION CURVES

Much of the literature on flow-duration curves concentrates upon graphical
methods for constructing a flow-duration curve from sequences of daily
streamflow data (Foster 1934; Beard 1942; Searcy 1959). Such procedures
consist of ranking the observed streamflows qio i = 1, ..., 365n, to produce
a set of ordered streamflows q(i)' i = 1, ..., 365n, where n = the number
of years of record, q(l) = the largest observation and q(365n) = the smallest
observation. The flow-duration curve is constructed by plotting each ordered
observation q(,) versus its corresponding plotting position Pi. A plotting po-
sition, Pio is simply an estimate of the exceedance probability, p, associated
with th~ ordered observation q(i).

In this study the Weibull plotting position

i
Pi = (1)

365n + I

is employed. Any plotting position (Cunnane 1978) would be reasonable,
since they are all virtually indistinguishable for the large sample sizes en-
countered here. Note that daily streamflow records employed in this study
were of length n = 12- 72 years corresponding to daily strearnflow record
lengths, 365n, equal to 4,352-26,328 daily observations, including leap year
days (see Table 1).

A graphical flow-duration curve is essentially a nonparametric, empirical
cumulative density function (cdf). Beard (1943) suggested constructing a
flow-duration curve by fitting a two-parameter lognormal cdf. Beard sug-
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T ABLE 1. Basin Characteristics and Flow-Duration Curve Parameters for 23 Sites

Used to Develop Regional Flow-Duration Curve Model

Record
U.S, Geologic Survey Site length Drainage area Basin relief

gage number No. (years) A (sq mi) H (tI) 11 0-

(1) (2) (3) (4) (5) (6) (7)

01180500 1 54 52.70 1.765 3,854 1.449
010%000 2 35 63.69 1,161 4.145 1.276

01106000 3 38 8.01 227 2.445 2.569
01170100 4 17 .41.39 1,873 3.871 1.205
01174000 5 35 3.39 531 1.353 1.827
01175670 6 24 8.68 417 2.248 1.690
01198000 7 20 51.00 .1,317 3.778 1.524
01171800 8 12 5.46 530 1.619 1.202
01174900 9 23 2.85 585 1.060 1.688
01101000 10 39 21.30 2n 3.189 2;119
01187400 II 32 7.35 877 2.041 1.748
01169000 12 44 89.00 1,667 4.469 1.217
01111300 13 20 16.02 393 2.900 1.928
01169900 14 18 24.09 1.298 3.340 1.158

01181000 15 48 94.00 1,739 4.542 1.388
01332000 16 53 40.90 2,068 3.881 1.135
01097300 17 21 12.31 248 2.500 1.835
01333000 18 35 42.60 2,658 3.857 1.152
01165500 19 66 12.10 797 2.351 1.427
01171500 20 46 54.00 1,476 3.961 1.138
01176000 21 72 150.00 801 5.086 1.133
01162500 22 66 19.30 718 2.831 1.521
01180000 23 29 1.73 643 0.326 1.650

.

gested plotting the q(l) versus Pi on lognormal probability paper and drawing

a "best-fit" line through the data. Goodness-of-fit tests and hypothesis tests

are now available for evaluating and selecting an appropriate probability den-

sity function using probability plots (Vogel and Kroll 1989).
Loaiciga (1989) evaluated the use of nonparametric empirical streamflow

quantile estimation procedures in the context of floodflow frequency anal-
ysis. The expressions that Loaiciga. (1989) derived for the variance of an
empirical quantile using a Weibull (or other) plotting position are useful for

estimating the variance of an empirical quantile of a flow-duration curve at

a gauged site. Since daily streamflows exhibit significant serial correlation,
however, the effective record length associated with a flow-duration curve
will be much smaller than 365n (Tasker 1983), where n = the record length

in years.

REGIONAL FLOW-DuRATION CURVES

The sample sizes of the streanillow records used in this study are so large

that there is little statistical advantage to using analytic (parametric) pro-
cedures instead of graphical (nonparametric) procedures to construct flow-

duration curves at a gauged site. Analytic procedures are usually preferred
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over graphical procedures in flood studies and low-flow investigations, which
use the much shorter sequences of annual maximum and annual minimum
streamflows, respectively. Nevertheless, the construction of regional flow-
duration curves does require fitting a cumulative probability density function
to the observed flow series so that the derived parameters of the cdf may
be related to topographic and geomorphic parameters of each watershed.

Analytic Procedures for Constructing Flow-Duration Curve
Our objective is to develop regional regression models that relate param-

eters of the daily flow-duration curve at a site to topographic and geomorphic
basin characteristics. In order to obtain such regression models we require
that the flow-duration curve be described by as few parameters as possible.
Since flow-duration curves are known to exhibit rather complex shapes, (Searcy
1959; Dingman 1978) three or more parameters are probably necessary to
describe the location, shape, and scale of the probability density function.
A complex trade-off exists between the number of parameters required to
describe the tJow-duration curve and our ability to obtain regional regression
models that relate those parameters to drainage basin characteristics. For the
applications described earlier in Massachusetts, the WMA only requires
knowledge of the flow-duration curve between the limits p = 0.5-0.99,
where p = the exceedance probability defined by

p=P(Q>qp) (20)

p= 1-P(Q:5qp) (2b)

In Eqs. 2a and b, qp corresponds to that v~ue of mean daily streamflow that
is exceeded p% of the time. Beard (1943) suggested the use of a lognoffilal
probability density function to approximate flow-duration curves. We show
here that a two-parameter lognoffilal function provides a good approximation
to the lower half of daily flow-duration curves in Massachusetts. Assuming
that daily streamflows Q are distributed lognoffilal, Eqs. 2a and b may be
rewritten as

p = 1- (21f)-t/2iz~exp ( -~t2)dt (3a)

p=g(qplfl.,0-) (3b)
where Zp = [In (qp) -fl.]/o- , which is the pth percentile of a zero mean,
unit variance, noffilally distributed random variable; qp is defined in Eqs. 2a
and b; and ~ and 0" = the mean and variance, respectively, of the natural
logarithms of the daily streamflows.

Noffilally, maximum likelihood estimators would be employed to obtain
asymptotically unbiased and minimum variance estimates of ~ and 0" (Ste-
dinger 1980). Here we assume that Eqs. 3a and b only hold for 0.5 :5 p :5
0.99, in which case one cannot use the standard maximum likelihood esti-
mators. Instead, the optimum values of fl. and 0- , denoted 11 and 0-, are ob-
tained using an unconstrained optimization algorithm known as the conjugate
gradient method. This algorithm is available for use on a personal computer
as a Foftran subroutine in the International Mathematical Subroutine Library
("Users" 1987). The conjugate gradient algorithm is used to solve the min-
imization problem
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to solve a diverse class of water resource problems ranging from water sup-
ply, hydropower, and irrigation, to stream pollution studies. The use of flow-
duration curves should be limited to problems in which the sequential nature
of streamflows is unimportant. There exists a wide class of reservoir oper-
ations problems associated with flood control, water supply, irrigation, and
hydropower for which the sequential nature of streamflows must be ac-
counted for and hence, the use of flow-duration curves is no longer appro-
priate. Instead, computer simulation approaches (sequential routing proce-
dures) have replaced the use of the flow-duration curve for problems where
the sequential nature of streamflows is important. Nevertheless, with in-
creasing attention focused on surface-water-quality management, there is a
growing need for the development of methods that describe streamflow char-
acteristics across a broad range of flow regimes. Flow-duration curves are
ideally suited to such tasks because they describe the frequency and mag-
nitude of streamflows over a broad range and they can be modified to eval-
uate the impact of streamflow regulation (stream withdrawals and stream
discharges). For example, flow-duration curves are currently used in Massa-
chusetts to evaluate the impact of proposed future withdrawals on the net
basin yield and low-flow characteristics of a river basin.

Since most locations where flow-duration curves are required, are not
coincident with stream gages, this study focuses on the development of a
method for estimating a flow-duration curve at an ungauged site. Twenty-
three unregulated gauged river basins are used to develop a regional flow-
duration model in Massachusetts. The resulting model is easily implemented
on a hand calculator and only requires estimates of the watershed area and
basin relief associated with the ungauged site, both of which may be ob-
tained from U .S. Geo ogical Survey 7.5.min topographic quadrangle maps.
A validation experim nt, using three additional unregulated gauging station~.
reveals that the deri ed model produces good estimates of observed flow-
duration curves, espe ially considering its simplicity and ease of application.
Finally, a method is erived for obtaining approximate confidence intervals
associated with a flo -duration curve estimated at an ungauged site.

The regional flow- uration model developed here should only be used in
Massachusetts for un auged drainage basins with watershed areas in the ap-
proximate range of I. 3 to 150 sq mi, and reliefs in the approximate range
of 227-2,658 ft. Hop fully future studies will extend the regional flow-du-
ration curves develope here to other regions so that the model's range of
applicability can be defi d more precisely.
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ApPENDiX I. DERIVATION OF CONFIDENCE INTERVALS
FOR PREDICTION q;

In order to construct confidence intervals for a predicted value q;, Eq. 13
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requires an estimate of the variance of the regression estimator y;, where y;
= In (q;), hence Eq. 12 may be rewritten as

Y;=~'+Zpo-' (14)
If the estimators ~ ' and 0-' are considered to be independent then

var(y;)=var(IJ.')+z;var(0-') ,... (15)
where the variance associated with a prediction, IJ. ' , at an ungauged site,

using Eq. 10, is

var(IJ.')=var[bJln(A)+E] (16a)
( , I 2 --2var ~)= n(A)var(bJ+0 (16b)

var(~') =" [0.008681n(A)f+ 0.018 (16c)

Apparently, the variance associated with IJ. ' increases with drainage area;

however, even for the largest site considered in tllis study (A = 150 sq mi),

the contribution of. the first term in Eqs. 16a, b, and c is an order of mag-
nitude lower than the contribution due to the model error term 0-;. This is
largely due to the high precision associated with the single model parameter
b] as evidenced by its t-ratio of 116.2.

Similarly, the variance associated with a prediction, 0-' , at an ungauged
site, using Eq. 11, is

var(0-') = var(a2 + b2X2 + 11) (17)

with a2 = 1.1, b2 = 271, and X2 = l/H. The ordinary least-squares estimator

for a2 is

a2=0--b2X2 (18)

which can be combined with Eq. 17 to yield

var (0-') = var (0- + b2(X2 -X2) + 11)

2

var(0-')=~+(X2-Xv2var(bv+0-~ (19)
m

Since O"YI = 0.2013, m = 23, X2 = 0.00153, and var (b2) = 36.932, Eq. 19

can be simplified to [(36.93) ]2 var(0-')="0.0423+ H -0.0565 (20)

From Eq. 20 we observe that var (0-') is equal to its minimum value of
0.0423 at H = 654 ft. Similarly var (0-') reaches its maximum values of
0.044 and 0.0536 for the largest {H = ),658 ft) and smallest (H = 227 ft)
values of relief considered here, respectively. As with the variance of IJ. ' ,

the variance of (1' is primarily due to the model error variance (J~. Substi-
tudon of Eqs. 15, 16a, b, and c, and 20 into Eq. 13 yields the required
confidence interval for a predicted value of qp at an ungauged site.

ApPENDiX II. REFERENCES

Abramowitz, M., and Stegun, I. A. (1964). The handbook of mathematical func-
lions. Dover Press, New York, N.Y.

547



Beard, L. R. (1943). "Statistical analysis in hydrology. Trans., ASCE, 108, 1110-
1160.

Brutsaert, W. , and Nieber, J. L. (1977). "Regionalized drought flow hydrographs
from a mature glaciated plateau." Water Resour. Res., 13(3), 637-643.

Chow, V. T. (1964). Handbook of applied hydrology. McGraw Hill Book Co., New
York,N.Y.Cunnane, C. (1978). "Unbiased plotting positions-a review. " J. Hydrol., 37, 205-

222.
Dingman, S. L. (1978). "Synthesis of flow-duration curves for unregulated streams

in New Hampshire." Water Resour. Bull., 14(6), 1481-1502.
Entekhabi, D., Rodriguez-Iturbe, I., and Eagleson, P. S. (1989). "Probabilistic rep-

resentation of the temporal rainfall process by a modified Neyman-Scott rectan-
gular pulses model: Parameter estimation and validation." Water Resour. Res.,
25(2), 295-302.

Foster, H. A. (1934). "Duration curves." Trans., ASCE, 99, 1213-1267.
Gupta, R. S. (1989). Hydrology and hydraulic systems. Prentice-Hall, Inc., N.l.,

363-367.
Johnson, C. G. (1970). A proposed strea,,!flow data program for central New En-

gland. U.S. Geological Survey, Boston, Mass.
Linsley, R. K., and Franzini, J. B. (1979). Water-resources engineering. McGraw

Hill Book Co., New York, N. Y., 127-129.
Loaiciga, H. A. (1989). "Variability of empirical flow quantiles." J. Hydr. Engrg.,

ASCE, 115(1), 82-100.
Male, I. W., and Ogawa, H. (1982). "Low flows of Massachusetts streams." Pub-

lication No. l25, Water Resour. Res. Center, Univ. of Massachusetts, Amherst,
Mass.

Male, J. W., and Ogawa, H. (1984). "Tradeoffs in water quality management." J.
Water Resour. Ping. andMgmt., ASCE, 110(4),434-444.

Mimikou, M., and Kaemaki, S. (1985). "Regionalization of flow duration charac-
teristics." J. Hydrol.. 82,77-91.

Quimpo, R. G., Alejandrino, A. A., and McNally, T. A. (1983). "Regionalized
flow duration curves for Philippines." J. Water Res. Ping. and Mgmt., ASCE,
109(4), 320-330.

Riggs, H. C. (1972). "Low-flow investigations." U.S. Geological Survey Techniques
of Water Resources Investigations, Book 4, U.S. Geological Survey, Washington,
D.C.

Riggs, H. C., et al. (1980). "Characteristics of low flows." J. Hydr. Engrg.. ASCE,
106(5),717-731.

Searcy, J. K. (1959). "Flow-duration curves." Paper 1542-A. U.S. Geolo-gical Sur-
vey Water-Supply, U.S. Government Printing Office, Washington, D.C.

Singh, K. P. (1971). "Model flow duration and streamflow variability." Water Re-
sour. Res., 7(4), 1031-1036.

Stedinger, J. R. (1980). KFitting log nonnal distributions." Water Resour. Res.. 16(3),
481-490.

Stedinger, J. R., and Tasker, G. D. (1985). "Regional hydrologic analysis I. or-
dinary, weighted, and generalized least squares compared." Water Resour. Res.,
21(9), 1421-1432.

Strahler, A. N. (1950). KEquilibrium theory of erosional slopes approached by fre-
quency distribution analysis," Am. J. Sci., 248, 673-696, 800-814.

Tasker, G. D. (1972). "Estimating low-flow characteristics of streams in southeastern
Massachusetts from maps of groundwater availability. " ProfessionaJ Paper 800-

D, U.S. Geological Survey, Washington, D.C., D217-D220.
Tasker, G. D. (1983). "Effective record length for the T-year event." J. Hydrol.,

64, 39-47.
Tukey, I. W. (1960). "The practical relationship between the common transfonnation

of percentages or fractions and of amounts." Technical Report No.36, Statistical
Res. Group, Princeton, N.J.

"Users manual-math/library." (1987). Version 1.0, Int. Mathematical Subroutine
Library, Houston, Tex.

548



Vogel, R. M., and Kroll, C. N. (1989). "Low-flow frequency analysis using prob-
abtlity-plot correlation coefficients." I. Water Res. Ping. and Mgmt., ASCE, 115(3),
338-357. ,

Vogel, R. M., and Krol!, C. N. (1990). "Generalized low-flow frequency relation-
ships for ungaged sites. " Water Resour. Bull.

VogeI, R. M., Krol!, C. N., and Driscol!, K. (1989). "Regional geohydrologic-
geomorphic relationships for the estimation of 1ow-flows." Proc. Illt. Colif. 011
Channel Flow and Catchment Runoff, Univ. of Virginia, 267-277.

Warnick, C. C. (1984). Hydropower e/1gineering~ Prentice-Hall, Inc., N.l., 59-73.
Zecharias, Y, B., atld Brutsaert, W. (1985). "Ground surface slope as a basin scale

parameter." Water Resour. Res., 21(12), 1895-1902.
Zecharias, Y. B. , and Brutsaert , W. ( 1988) ." Recession characteristics of ground-

water outflow and baseflow from mountainous watersheds." Water Resour. Res.,
24(10), 1651-1658.

ApPENDiX III. NOTATION

The following symbols are used in this paper:

A drainage area (sq mi);
H basin relief (ft);
m number of sites used to estimate regional regression equations (m

= 23);
mgd = million gallons per day;

p exceedance probability for average daily streamflow;
PI plotting position estimate of exceedance probability associated

with ordered observation q(/:J;
qj observed mean streamflow on day i (cfs);

q(l) ith smallest observed streamflow (cfs);
qp average daily streamflow with exceedance probability p (cfs);
q; regression estimate of qp at ungauged site (cfs);
R2 coefficient of determination;
t".a = students' t random variate with v degrees of freedom, exceeded

100a% of tilDe;
Zp standard normal variate exceeded lOOp% of time;
~ residual error in regression model;
"1 = residual error in regression model;

IJ. true value of mean of logarithms of average daily streamflow;
11 optimal estimator of IJ. using streamflow data;

IJ. I regional regression estimate of IJ.;

0- true value of, standard deviation of logaritllms of average daily

streamflow;
0- optimal estimator of a using streamflow data; and

0-' regional regression estimate of 0- .
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