A Class of Singular Fourier Integral Operators in Synthetic
Aperture Radar Imaging

Gaik Ambartsoumian
Department of Mathematics, University of Texas at Arlington, USA
Raluca Felea
School of Mathematical Sciences, Rochester Institute of Technology, USA
Venkateswaran P. Krishnan
Tata Institute of Fundamental Research Centre for Applicable Mathematics, Bangalore, India
Clifford Nolan
Department of Mathematics and Statistics, University of Limerick, Ireland

Eric Todd Quinto*

Department of Mathematics, Tufts University, USA

Abstract

In this article, we analyze the microlocal properties of the linearized forward scattering operator
F and the normal operator F*F (where F* is the L? adjoint of F) which arises in Synthetic Aper-
ture Radar imaging for the common midpoint acquisition geometry. When F* is applied to the
scattered data, artifacts appear. We show that F*F can be decomposed as a sum of four opera-
tors, each belonging to a class of distributions associated to two cleanly intersecting Lagrangians,
IP!(Ag, A1), thereby explaining the latter artifacts.
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1. Introduction

In this article, we analyze the microlocal properties of a transform that appears in Synthetic
Aperture Radar (SAR) imaging. In SAR imaging, a region on the surface of the earth is illu-
minated by an electromagnetic transmitter and an image of the region is reconstructed based on
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the measurement of scattered waves at a receiver. For in-depth treatments of SAR imaging, we
refer the reader to [1, 2]. The transform we study appears as a result of a common midpoint
acquisition geometry: the transmitter and receiver move at equal speeds away from a common
midpoint along a straight line. This geometry is of interest in bistatic imaging and in certain mul-
tiple scattering scenarios [21]. We first consider the linearized scattering operator F and show
that it is a Fourier integral operator (FIO). Since the conventional method of reconstructing the
image of an object involves “backprojecting” the scattered data, we next study the composition
of F with its L? adjoint F*. One of the main goals of this article is to understand the distribution
class of the kernel of F*F.

In general the composition of two FIOs is not an FIO. One needs additional geometric con-
ditions such as the transverse intersection condition [16] or the clean intersection condition [4]
to make the composition operator again an FIO. When these assumptions fail to be satisfied, it
is very useful to study the canonical relation associated to an FIO by considering the left and the
right projections. More precisely, let X and Y be manifolds and let /"(X, Y; C) be the class of
FIOs F : & (X) — D'(Y) of order m associated to the canonical relation C C (T*Y X T*X) \ {0}
and denote by n; : C — T*Y, g : C — T*X, the left and right projections respectively. Where
and how these projections drop rank determine the nature of the normal operator F*F.

Several authors have analyzed the nature of the canonical relation and the singularities of
the left and right projections in many contexts including scattering theory, integral geometry
and harmonic analysis [18, 14, 11, 13, 12, 9, 10, 20, 5, 6, 7, 8, 17]. The singularities which
appear in previous work related to SAR [20, 5, 6, 17] are folds and blowdowns, that is, 7; and
ng have both fold singularities or &z, has a fold singularity and 7z has a blowdown singularity.
These singularities will be defined in Section 3. Then it is known that the corresponding normal
operator belongs to a class of distributions 72°(A, C) introduced in [15] (and defined in Section
3). This means that the adjoint operator F* introduces an additional singularity given by C apart
from the initial one given by A. For example, in the case of straight line acquisition geometry
in monostatic radar — the transmitter and receiver are located at the same point and move along
a straight line— the additional Lagrangian C is reflected in the fact that is a natural left-right
ambiguity in SAR; reflectors on one side of the flight path can give the same signal as reflectors
on the other side. This implies that one can only recover the singularities of the even part of
the target function. In other words, there is cancellation of certain singularities. Stefanov and
Uhlmann prove that such cancellation of singularities can occur even with curved flight paths
[22].

In this article, the linearized scattering operator F' exhibits a new feature: both projections
drop rank by one on a disjoint union of two smooth hypersurfaces £; U %,. On each of them,
my, is a projection with fold singularities and nx is a projection with blowdown singularities.
Note that this is different from the situation in [11] where they study a class of geodesic X-
ray transforms on manifolds in which the singularities of the left and right projections are in
the reverse order. We then show that F*F belongs to the class I"™0(A, Cy) + IPO(A, C)) +
I*"0(Cy, C3) + I?™0(C,, C3) (where these classes are given in Definition 3.6). This means that
the adjoint operator F* adds three more singularities given by Cy, C,, C3 in addition to the true
reconstructed singularity given by A. We clarify this in detail in Section 5. The main tool for
proving our result is the iterated regularity property; a characteristic property of 17 classes [13,
Proposition 1.35].



2. Statement of the main results

2.1. The linearized scattering model

For simplicity, we assume that both the transmitter and receiver are at the same height 2 > 0
above the ground, x3 = 0, at all times and move in opposite directions at equal speeds along the
line parallel the x; axis and containing the common midpoint (0, 0, #). Such a model arises when
considering signals which have scattered from a wall within the vicinity of a scatterer and can be
understood in the context of the method of images; see [21] for more details.

Let yr(s) = (5,0, h) and yg(s) = (=s,0, h) for s € (0, 00) be the trajectories of the transmitter
and receiver respectively.

The linearized model for the scattered signal we will use in this article is from [21]

d(s, 1) := FV(s,1) = f ¢UGRED 4o v )V (o) dxdw (1)

for (s,1) € Y = (0, 0) X (0, 0), where V(x) = V(x1, x») is the function modeling the object on
the ground, R(s, x) is the bistatic distance:

R(s, x) = lyr(s) — x| + [x = yr(s),
co is the speed of electromagnetic wave in free-space and the amplitude term a is given by

w?p(w)
1672yr(s) — xllyr(s) — x|’

2

a(s7 'x7 (1)) =
where p is the Fourier transform of the transmitted waveform.

2.2. Preliminary modifications on the scattered data

For simplicity, from now on we will assume that ¢y = 1. To make the composition of F with
its L2 adjoint F* to be well-defined, we multiply d(s,#) by an infinitely differentiable function
f(s,t) identically equal to 1 in a compact subset of (0, o) X (0, c0) and supported in a slightly
bigger compact subset of (0, c0) X (0, c0). We rename f - d as d again.

As we will see below, our method cannot image a neighborhood of the common midpoint.
That is, if the transmitter and receiver are at (s, 0, 1) and (—s, 0, ) respectively, we cannot image
a neighborhood of the origin on the horizontal plane of the earth, x3 = 0. Therefore we modify d
further by considering a smooth function g(s, #) such that

g(s, 1) = 0 for (s,7) : |t — 2 Vs? + h2| < 20€/h, 3)

where € > 0 is given. Again we let g - d to be d and g - a to be a. The choice of constant on the
right hand side of (3) will be justified in Appendix B. Our forward operator is

d(s,t) = f TS (s 1 x, w)V(x) dxdw 4)

where

@(s, t, x, W) =a)(t— \/(xl -2+ x5 +h - \/(x] +5)% + x5 + h? ) (5)

From now on, we will denote the ground (the plane x3 = 0) by X, thus the points on X will be
denoted x = (x1, x2).
3



We assume that the amplitude function a € § m+3 | that is, it satisfies the following estimate:
For every compact set K C Y X X, non-negative integer @, and 2-indexes 8 = (8;,,) and v, there
is a constant ¢ such that

10202 0P 8%a(s, 1, x, w)| < c(1 + |w]) /P, (6)

This assumption is satisfied if the transmitted waveform from the antenna is approximately a
Dirac delta distribution.

With these modifications, we show that F' is a Fourier integral operator of order m and study
the properties of the natural projection maps from the canonical relation of F. Our first main
result is the following:

Theorem 2.1. Let F be as in (4). Then

(a) F is an FIO of order m.
(b) The canonical relation C associated to F is given by

x| — s x|+
C= {(s, t, —w( ! - ! , —W;
\/(xl -85+ x% + h? \/(xl + 85)% + x% + h?
x| — s X+ s
x1, 10, —a + ). (7)

\/(xl —5)% + x5 + h? \/(xl +5)% + x5 + h?

x X )
—w + :
\/(xl —5)? + x5+ h? \/(xl +5)% + x5 + h?

§>0,1= \/(X1—S)2+X§+h2+ \/(x1+s)2+x§+h2,

x#0, andin},

and C has global parameterization
(0,00) x (R \ 0) X (R \ 0) 3 (s, x1, 32, ) - C.

(c) Letmp, : C » T*Y and g : C — T*X be the left and right projections respectively. Then
np, and ng drop rank simply by one on a set ¥ = X| U X, where in the coordinates (s, x, w),
2 = {(5,x1,0,w)|s > 0,]|x1| > €, 0 # 0} and Z; = {(5,0, x2, w)|s > 0, |x3| > €, w # 0} for
0 < € small enough.

(d) 7y has a fold singularity along X.

(e) mg has a blowdown singularity along X.

Remark 2.2. Note that due to the function g(s, 7) of (3) in the amplitude, it is enough to consider
only points in C that are strictly away from {(s,0,w) : s > 0,w # 0}. This is reflected in the
definitions of X; and X,, where |x;| and |x,|, respectively, are strictly positive.

Remark 2.3. Note that C is even with respect to both x; and x,. In other words C is a four-
to-one relation. This observation suggests that 7, (respectively mg) has two fold (respectively
blowdown) sets. See Proposition 4.3.
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We then analyze the normal operator F*F. Our next main result is the following:

Theorem 2.4. Let F be as in (4) of order m. Then F*F can be decomposed into a sum belonging
to P"O(A,Cy) + P™O(A, Cy) + IP™O(Cy, C3) + IP™0(Ca, C3) where these classes are given in
Definition 3.6.

In Remark 5.7, we will explain why the added singularities given by C1, C5, C3 have the same
strength as the object singularities given by A.

3. Preliminaries

3.1. Singularities and I"* classes

In this section we will define fold and blowdown singularities and describe the 17 class of
distributions required for the analysis of the composition operator F*F.

Definition 3.1 ([14, p.109-111]). Let M and N be manifolds of dimensionn and let f : M — N
be C*. Let Q be a non-vanishing volume form on N and define £ = {oc e M : f*Q(o) = 0}, that
is, X is the set of critical points of f. Note that, equivalently, X is defined by the vanishing of the
determinant of the Jacobian of f.

(a) If for all o € X, we have (i) the corank of f at o is 1, (ii) ker(df,,) N T,X = {0}, (iii) f*Q
vanishes exactly to first order on Z, then we say that f is a fold.

(b) Ifforall o € Z, we have (i) the rank of f is constant; let us call this constant k, (ii) ker(df,) C
T,Z, (iii) f*Q vanishes exactly to order n — k on X, then we say that f is a blowdown.

We now define 77! classes. They were first introduced by Melrose and Uhlmann [19],
Guillemin and Uhlmann [15] and Greenleaf and Uhlmann [13] and they were used in the context
of radar imaging in [20, 5, 6].

Definition 3.2. Two submanifolds M and N intersect cleanly if M N N is a smooth submanifold
andT(MNN)=TMNTN.

Let us consider the following example:

Example 3.3. Let Ao = Apepr = {(x, & x,8)lx e R, £ € R"\ 0} be the diagonal in T*R" x T*R"
and let A; = {(x', x,, &, 0; X', y,, &, 0)[x" € R*!, & € R™!\ 0}. Then, Ay intersects A; cleanly
in codimension 1.

Now we define the class of product-type symbols S !(m, n, k).

Definition 3.4. S7!(m,n,k) is the set of all functions a(z,&,0) € C®(R™ x R" x R¥) such that
for every K C R™ and every a € Z", 8 € 7",y € Z there is ck 5, such that

102000 a(z,, )| < crapy(1+IEDP (1 + o)™, V(z,€7) € K xR" x RE.

Since any two sets of cleanly intersecting Lagrangians are equivalent [15], we first define 17/
classes for the case in Example 3.3.



Definition 3.5. [15] Let I7!(Ag, A;) be the set of all distributions u such that # = u; + u, with
uy € Cy and

U, y) = f WS E D g e P dedords

: o | r_g_1
witha € S+ where p" =p-5+5andl' =1- 3.

Let (Ao, A1) be a pair of cleanly intersection Lagrangians in codimension 1 and let y be a
canonical transformation which maps (Ag, A;) into (Ag, A1) and maps AgNA; to AgNAj, where
A are from Example 3.3. Next we define the I7/(Aq, Ay).

Definition 3.6 ([15]). Let I”/(A¢, A}) be the set of all distributions  such that u = u; +up + 3 v;

where u; € I (Ag\ A1), uz € IP(A1\Ag), the sum 3 v; is locally finite and v; = Aw; where A is a

zero order FIO associated to )(‘1, the canonical transformation from above, and w; € P (1~\0, A ).
If u is the Schwartz kernel of the linear operator F, then we say F € I (Ag, A)).

This class of distributions is invariant under FIOs associated to canonical transformations
which map the pair (Ao, A;) to itself and the intersection Ag N A; to itself. If F € IP/(Ag, A1)
then F € I"*!(Ag \ A1) and F € I?(A; \ Ag) [15]. Here by F € IP*!(Ag \ A;), we mean that the
Schwartz kernel of F belongs to 1P (Ag \ A)) microlocally away from A;.

One way to show that a distribution belongs to 17/ class is by using the iterated regularity prop-
erty:

Proposition 3.7. [13, Prop. 1.35] Ifu € O'(X x Y) then u € 1" (Ao, A1) if there is an s € R
such that for all first order pseudodifferential operators P; with principal symbols vanishing on
Ao U Ay, we have P\P, ... Pu € H)' .
4. Analysis of the Operator F

In this Section, we prove Theorem 2.1, as a result of Lemma 4.1 and Proposition 4.3.

Lemma 4.1. F is an FIO of order m with the canonical relation C given by

X1 — S X1+ s
C= {(s, t, —a)( - , —W;
\/(xl —s)2+x§+h2 \/(xl +s)2+)c§+h2
x| — S X1 +s
x1, %2, —0f - , ®)

\/(xl —5)% + x5 + h? \/(xl +5)% + x5 + h?
X x ) )

) +
\/(xl - 5)% + x5 + h? \/(xl +5)2+ x5+

s>0,t= \/(x1 -2+ + R+ \/(xl + 82+ x5+ h2,
xeR*\ {0},w # o}.
We note that (0, c0) X (RZ\ 0) x (R \ 0) 3 (s, x1, X2, w) — C is a global parametrization of C.
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We will use the coordinates (s, x, w) in this lemma from now on to describe C and subsets of
C.

Proof. The phase function ¢ is non-degenerate with d,¢, ;5,0 nowhere O whenever d,¢ = 0.
We should mention that Vd,¢ # 0. (Note that in order for d,¢ to be nowhere 0, we require
exclusion of the common midpoint from our analysis). This observation is needed to show F is a
FIO rather than just a Fourier integral distribution. Recalling that a satisfies amplitude estimates
(6), we conclude that F is an FIO [23]. Also since a is of order m + %, the order of the FIO is m
[3, Definition 3.2.2]. By definition [16, Equation (3.1.2)]

C = {((s,1,050,019); (x,—=0x¢)) : 0,0 = 0}.

A calculation using this definition establishes (8). Furthermore, it is easy to see that (s, x;, x2, w)
is a global parametrization of A. O

Remark 4.2. In the SAR application, a has order 2 which makes operator F' of order % But
from now on will consider that F" has order m.

Proposition 4.3. Denoting the restriction of the left and right projections to C by n; and ng
respectively, we have

(a) my and ntg drop rank by one on a set’ ¥ = X U .
Here we use the global coordinates from Lemma 4.1.

(b) 7y has a fold singularity along X.

(c) mg has a blowdown singularity along X.

Proof LetA = \/(xl — s +x}+h>and B = \/(xl + )% + x3 + h2. We have

X1 —S X1+ s

mr(x1, x0, 8, w)=(s,A+ B, — - — W, —w
(X1, X2 ) =( ( " 3 ) )
and
0 0 1 0
. XI/;S + xll;rs % + XEZ * 0
L = X+h? X2+h? _s ¢
—o( ZA3 _ 283 ) w((xlA;)Xz _ (XI;;)XZ) " %
0 0 0 -1
where * denotes derivatives that are not needed for the calculation. The determinant is
4x1 x50 (xF—s*+ x5+ 0
detdm; = 1+ 9
L= "pg AB ©)

We have that s > 0 and the number in the parenthesis is a positive number by Lemma 4.4 below.

Therefore, 7, drops rank by one on X = Z; U %,. To show d(det(drn;)) is nowhere zero on X,
one uses the product rule in (9) and the fact that the differential of 4XA‘§‘§§“’ is never zero on X and
the inequality in Lemma 4.4.

On X the kernel of dx; is % which is transversal to X; and on X, the kernel of dx; is 3‘771
which is transversal to X,. This means that r; has a fold singularity along X.

Similarly,

X1 —S X1+ s
A B
7

X X
R(X1, X2, 8, @) = (X1, X2, —( )w, —(f + f)w}



Then

1 0 0 0
d 0 1 0 0
TR = 24 p2 242 _
% a)(xzz3 - %) -+ X'TT‘Y
) +s
% % _w((xlA;)Xz _ xlB;)xz) _ )A_z + X_I;)

has the same determinant so mrg drops rank by one on X and the kernel of dny is a linear combi-
nation of a% and % which are tangent to both X; and X,. This means that mxz has a blowdown
singularity along X.

O

Lemma 4.4. Forall s + 0, )

2

+ >0
lx = yr(s)llx — yr(s)|

-3+

Proof. Equivalently, we show that (|x — y7(s)||lx — yr(s))? > (x% + x% + h* — s?)2. Expanding
out both sides and simplifying, we obtain 45%(x3 + %) > 0 which holds for s # 0, since h > 0.
Therefore the lemma is proved. O

5. Analysis of the normal operator F*F

We have
F*FV(x) = f eiw(t—(\x—yr(S)\+Ix—7R(S)D)—5(1—(\)7—71(S)I+Iy—7R(S)D)

X a(s, t, x,w)a(s,t,y, 0)V(y)dsdrdwdwdy.

After an application of the method of stationary phase in ¢ and w, the Schwartz kernel of this
operator is

K(x, y) = feiw(b’*)’T(S)HW*}’R(5)|*(|X*)"r(5)|HX*YR(S)DTZI’()C, ¥, S, w) dsdw. (10)

Note that @ € §2"*! since we assume a € S"*1/2,
Let the phase function of the kernel K be denoted by

O =w(ly—yrl+Ily—yr()| = (x = yr()l + |x = yr(D) . an
Proposition 5.1. The wavefront set of the kernel K of F*F satisfies,
WF(K), CAUC[ UC2 UC3,

where A is the diagonal in T*X X T*X and the Lagrangians C; for i = 1,2,3 are the graphs of
the following functions y; fori =1,2,3 on T*X:

X1(x,&) = (x1, —x2, &1, —&2), x2(x, &) = (=x1, %2, =1, &) and x3 = x1 © x».
Furthermore we have:

(a) Aand Cy, A and C,, Cy and C3, C, and Cs intersect cleanly in codimension 2.
8



(b) ANC3=C1NC =0.

Proof. In order to find the wavefront set of the kernel K, we consider the canonical relation
C'oCof F*F: C' o C = {(x,&y,nl(x,&;5,t,0,1) € C';(s,t,0,1;y,n) € C}. We have that
(s,t,0,T;y,n) € C implies

t= \/(y1 -+ Y+ + \/(y] +95)2+y:+h?

yi—=s yi+s
a':T( -
\/(yl —s)2+y§+h2 \/(yl +s)2+y§+h2
- +
m=t yi—S§ + yi+s (12)
\/(yl—s)2+y%+h2 \/(y1+s)2+y§+h2
Y2 Y2
m2

:T( +
\/(yl—s)2+y§+h2 \/(y1+s)2+y§+h2

and (x,&; s, 1,0, 7) € C' implies

t= \/(xl—s)2+x§+h2+ \/(x1+s)2+x§+h2

X1 — S X1 +S
o=T -
\/(xl -+ 2+ \/(xl + 82 +x3+ 12
- +
=1 S + L (13)
\/(xl —s)2+x§+h2 \/(xl +s)2+)c§+h2
§2 =T s + 2 .
\/(xl -2+ x5+ 0 \/(xl +5)% + x5 + h?
From the first two relations in (12) and (13), we have
\/(y] -+ Y+ + \/(y] +5)2+y:+h?
= O = P4 B+ R+ \J(n + 2+ 23+ A (14)
and
yi—s _ yits
\/(yl—s)2+y§+h2 \/(y1+s)2+y§+h2
_ X1 —S _ X1+ . (15)
\/(xl —s)2+)c§+h2 \/(xl +s)2+x§+h2
We will use the prolate spheroidal coordinates to solve for x and y. We let
X1 = scoshpcos¢ y1 = scosh p’ cos ¢’
X, = ssinhpsin ¢ cos @ y2 = ssinh p’ sin ¢’ cos 6’ (16)

x3 =h+ ssinhpsingsind y; = h+ ssinhp’ sin¢’ sin§’
9



withp >0,0<¢ <mand 0 <6 <27
In this case x3 = 0 and we use it to solve for 4. Hence

(x1 — 9% + x% + h? = s*(coshp — cos ¢)?

and
(x1 + 5)2 + x% +h = sz(coshp + cos ¢)2.

Noting that s > 0 and coshp + cos¢ > 0, the first relation given by (14) in these coordinates
becomes

s(coshp — cos @) + s(coshp + cos @) = s(coshp’ — cos @) + s(coshp’ + cos ¢')

from which we get
coshp =coshp’ = p=p'.
The second relation given by (15) becomes
coshpcos¢p—1 coshpcos¢p+1 coshpcosg’—1 coshpcos¢’ + 1
coshp —cos ¢ coshp +cos¢  coshp — cos¢’ coshp +cos¢’

After simplification we get

sin® ¢ sin’ ¢/

cosh®p —cos?¢  cosh?p — cos? ¢

which implies
(cosh® p — 1)(sin® ¢ — sin® ¢') = 0.

Thus sing = +sing’ = ¢ = +¢', 7+ ¢'.

We remark that cosd = + /1 - zﬁ’—zz = +cos 6 and note that x3 = 0 implies that
52 sinh” p sin” ¢

sin(¢) # 0, so that division by sin(¢) is allowed here. We also remark that it is enough to
consider cos 8 = cos 8 as no additional relations are introduced by considering cos 8 = —cos &'.

Now we go back to x and y coordinates.

If ¢ = ¢ then x; = y, xp = y2,& = n; for i = 1,2. For these points, the composition,
C'oCcA={(xéx8).

If ¢’ = —¢ then x| = y;, —x2 = y»,&1 = 11, —&> = . For these points, the composition,
C" o C is a subset of C; = {(x1,x2,&1,&; x1, —X2, &1, —&)} which is the graph of yi(x,&) =
(x1, —x2,&1,—&2). This in the base space represents the reflection about the x; axis.

If ¢’ = m—¢then —x; = y1, X2 = yo,—&1 = 1m1,& = 1. For these points, the composition
C" o C is a subset of Cy = {(x1,x2,&1,&; —x1, X2, —&1,&)} which is the graph of y;(x,&) =
(=x1,x2,—€1,&>). This in the base space represents the reflection about the x; axis.

If ¢’ = m+¢pthen —x; = y;, —x3 = y2,—&1 = 171, =& = 172. For these points, C* o C is a subset
of C3 = {(x1, X2, &1, &5 —x1, —x2, —&1, &)} which is the graph of x3(x, &) = (—x{, —x2, =&, —£2).
This in the base space represents the reflection about the origin.

Notice that y; o y1 =1d, y2 0 x2 =1d, x1 o x2 = x3-

So far we have obtained that C' o C Cc AU C; U C, U Cs.

Next we consider the intersections of any two of these Lagrangians. We have:

A intersects C cleanly in codimension 2, AN C; = {(x, &y, m)lx =0 = &}
A intersects C; cleanly in codimension 2, AN Cy = {(x, &y, mlx; =0 = &1}
10



C; intersects C3 cleanly in codimension 2, C; N C3 = {(x, &y, mlx; =0 = &1}
C, intersects C3 cleanly in codimension 2, C, N C3 = {(x, &y, n)|xx = 0 = &},
ANC3;=0=CNC,. ]

Theorem 5.2. Let F be as in (4) with order m. Then F*F can be decomposed as a sum of
operators belonging in IPmO(A, C)) + IPO(A, Cy) + I7M9(Cy, C3) + I2™0(Cy, C5).

Proof. Recall from Theorem 2.1, that the canonical relation of F drops rank on the union of
two sets, X; and X,. Accordingly, we decompose F into components such that the canonical
relation of each component is either supported near a subset of the union of these two sets, one
of these two sets or away from both these sets. More precisely, we let ¢ and i, be two infinitely
differentiable functions defined as follows (refer Figure 1):

_J L on {(x1,x): x| <€}
v1(0 ‘{ 0, on {(x1,x%): [ > 2¢} 2
1, on {(x1,x) : x1] < €}
Y2 ‘{ 0, on {(x1.x2): il > 2¢} -

Figure 1: Support of the cutoff functions ¢ and .

Then we write F = Fy + F| + F, + F3 where F; are given in terms of their kernels
KFU = f@iwalﬁﬂﬂzda), KF] = fe”“ﬁalm(l - lﬁz)d(u,

Kp, = f e %a(l —y)odw, Kp, = f e %a(l —y)(1 - yo)dw,
11



where ¢ is the phase function of F in (4). Now we consider F*F, which using the decomposition
of F as above can be written as

F*F = F)F + (F) + F2)'Fo + FiF\ + FiFy + FiFy + F3F) + FiF3 + FiF3 + F;F.  (17)

The theorem now follows from Lemmas 5.3, 5.4 and Theorem 5.5 below, where we analyze each
of the compositions above. O

Lemma 5.3. Fy, F|F; and F3F are smoothing operators.

Proof. We will only prove that Fyp and F} F> are smoothing. The proof for F; F is similar to that
of F{F;. Letp = ﬁ(p, where ¢ is the phase function in (4).
For & = 18€?/h, we analyze F, according to the following cases:

@) {(s,0):s>0,0<t<2Vs2+h?-5).
For this case, we show that K, is smoothing. For, on {(s,7) : s > 0,7 <2 VsZ + h2 — 6}, ¢ is
bounded away from 0 and hence is a smooth function. Therefore for any m > 0

(’55) Kr,(s,t,x) = f@ﬁ (e‘i“@(‘”’x)) Y1 (Y (x)als, t, x, w)dw.

Now by integration by parts, the order of the amplitude can be made smaller than any nega-
tive number. Therefore K, is smoothing.

(b) {(s,0):5s>0,|t—2Vs?+ h?| <8}
For (s, ?) in this set, the kernel K, is identically O due to our choice of the function g(s, #) in
3.

©) {(s,t) :s>0,t>2Vs2+h2 +6).
In this case, we have that depending on our choice of x, the kernel K, is either identically O
or smoothing. For, if we consider x in the complement of the set (—2¢, 2¢€)?, then due to the
fact that supp(i¥1 (x)¥2(x)) C [—2€,2€]?, we have that the kernel is identically 0. Now if we
consider x € (—2¢, 2€)?, then ¢ is never vanishing. Then by an integration by parts argument
as in Case (a) above, we have that K, is smoothing.

Now we consider F7F;. We have

Kp (s,1,x) = f TRy (0)(1 = Pa(x)als, 1, x, w)dw

and

K} (x,s.1) = f EPEID(] — g ()W (x)als, 1, x, w)dw.

Due to the cut-off functions ¢ and i, in these kernels, we are only interested in those sin-
gularities lying above a small neighborhood of the rectangles with vertices (+€, t€), (+€, £2€),
(£2¢, x€), (£2€, +2¢€).

We have that K, is smoothing when x values are restricted to a small neighborhood of these
rectangles. For, as in the previous case, we consider the three cases: For Cases (a) and (c), the
kernel Kr, is smoothing and the proof is identical as before. For Case (b), due to the choice of
the function g(s, #), the kernel K, = 0. Therefore F}F is smoothing. O

12



Lemma 54. FF3, F}F; and F}F can be decomposed as a sum of operators belonging to the
space I*"(A) + IP"(C1 \ A) + I?"(Cy \ A) + I*"(C3 \ (C1 U C)).

Proof. Each of these compositions is covered by the transverse intersection calculus. Below we
will prove for the case of F}F3. For the other operators, the proofs are similar.

Let us decompose
«

F3y=F}+F3+F}+Fjand F = (F| + F] + F} + F})

where the superscripts in both these sums denote restriction of F3 and F';, respectively, to each of
the four quadrants. Note that in the decomposition of F’, we stay away from Z; by introducing
a microlocal cutoff. This is valid because the support of the canonical relation of F'3 stays away
from X; U X,. Then we have

(F)F3 € P"(A), (F)F3 € "(C1\ D),

(F))'F5 € I""(C> \ A) and (F})'F3 € I""(C3 \ (C1 U C2)).

The other compositions can be considered similarly. O

We are left with the analysis of the compositions FjF and F3F5. This is the content of the
next theorem:

Theorem 5.5. Let Fy and F» be as above. Then

(@) FiFy € P"O(A,C)) + I"0(Cy, C3).
(b) F3F; € IP™(A, Cy) + I*™(Cy, Cs).

Proof. We consider F7| F. The proof for FJF is similar.
We decompose F by introducing a smooth cut-off function ¢3(x) such that y3(x) = 1 for
x1 > €/2 and supported on the right-half plane x; > €/4. That is, we write F as

Fi=F f +F,
where
FiV(s,0) = f e Oy (01 = Yo (x)Ws(x)als, 1, x, w)V(x)dx
and
FiV(s,1) = f e Oy (0)(1 = Ya(0))(1 = Ya(x))als, 1, x, w)V(x)dx.
Now

FiF\, = (F))'F{ +(F))'F{ + (F{)'F] + (F)'F]. (18)

The canonical relation of F ;’ is a subset of (8) with the additional condition that x; > €. Then

we have that WF((FI*)*FI*)’ C AU Cy. For, we already saw in Proposition 5.1 that WF(F*F) C

AUCUC,UC3. In our case, imposing the additional restriction that x; > €, the only contributions
are in A and Cy. By a similar argument, we have that WF((F)"F[) c AU C}.

Now let us consider the compositions (F7)*F| and (F)*F]. The wavefront sets of these

operators are of the form (x,&,y,7n) such that x; and y; have opposite signs. We have already
13



established in Proposition 5.1 that |x;| = [y;| and |&] = |i;| for i = 1,2. Now with the additional
restriction that x; and y; have opposite signs (and therefore &, and 7, have different signs as
well), we have contributions contained in only C, and Cj3.

The Lagrangian pairs A, C; and C», C3 intersect cleanly. Therefore there is a well-defined 17/
class — which we will identify shortly — in which each of the summands in (18) lie.

We now show that (F)"F{,(F[)'F| € 1*"0(A, Cy) and that (F))F{, (F))'F| € 1"0(Cs, C3).
We follow the ideas of [5], where the iterated regularity theorem of was used to prove an analo-
gous result. The ideas of [5] were recently employed to prove a similar result for a common-offset
geometry in [17]. The proof we give is similar to the one given in [17], but the phase function
we work with is different.

We first consider the generator of the ideal of functions that vanish on A U C; [5].

Pi=Xi—Yi, Pa=X-Y5 Pa=& -1, Pa=(x+y)E—m)
Ps = -y)é+m), Pe=& -1

Let p; = ¢;p;, for 1 < i < 6, where q, g, are homogeneous of degree 1 in (¢,7), g3, ¢4 and gs
are homogeneous of degree 0 in (£, 7) and g¢ is homogeneous of degree —1 in (£,77). Let P; be
pseudodifferential operators with principal symbols p; for 1 <i < 6.

We show in Appendix A that each p; can be expressed in the following forms:

—_ X, V, S

P = 1125 004 oy, a0, (19)
pr= P25 004 oy, a0, 20)
D3 = f31(x,3, )0, + W f2(x, y, )0, D, Q1)
;4 = f4l(-xa y’ S)axq) + U)f42(x’y, s)6w¢)7 (22)
Ps = f51(x,, 9)0,® + wfsr(x,y, )0, P, (23)
Po = wfo1(x,y, $)0,® + W fear(x,y, $)0,D. (24)

where f;; for 1 <i < 6and j = 1,2 are smooth functions.
Now the rest of the proof is the same as in [5, Theorem 1.6]. We give it for completeness.
Let K| be the kernel of (F{)*F}. This is the kernel in (10), but with a there replaced by

Y1 ()1 = W3O ()1 =y W3 (v)alx, y, s, w). For simplicity, we rename this as a again.
We then have that @ € S2"*! and

PR = [0 s g 2

@®+ﬁx&%ﬂ&@PMw
_ iD(xy,sw) ] 41—
= fﬁs [e ] —a(x,y, s, w)fi1(x,y, s)dsdw
iw
id(xy.sw)| 41~
+ f{)w [e ] Ta(x, v, 8, w)fiz2(x,y, s)dsdw

By integration by parts

= —{ fei‘mw’w)as [?—:)E(x, v, 8, w) f11(x,y, s)] dsdw

+ feid)(x,y,x,w)aw [%Zi(x, v, 8, W) f12(x, y, S)] dsdw}.

14



Note that ¢; is homogeneous of degree 1 in w, and @ is a symbol of order 2m + 1, hence each
amplitude term in the sum above is of order 2m + 1.

Therefore by Definition 3.7, we have that P1K{ € Hfgc for some s.

A similar argument works for each of the other five pseudodifferential operators. Hence by
Proposition 3.7, we have that (F f)*F f e IP!(A, Cy). Because C is a local canonical graph away
from X, the transverse intersection calculus applies for the composition (F7)*F{ away from X.
Hence (F})"F{ is of order 2m on A\ C; and C; \ X. Since (F{)"F{ is of order p + lon A\ X
and is of order p on C; \ Z, we have that p = 2m and [ = 0. Therefore (F})"F{ € "O(A, C)).
Similarly (F})*F; € I*™(A, Cy).

To show that (F})*F{,(F})*F; € I*™(C,,C3) we can use the iterated regularity result as
above.

The generators of the ideal of functions that vanish on C, U C; are:

1 = x1+y1, 12 = €1+n1 and Pa, Pa, Ps, Pe are the same as in (20), (22), (23), and (24) respectively.
Four of the functions in the ideal are the same as in the proof above and we can find similar ex-
pressions for the first two.

However we will also give an alternate proof below.

O

Proposition 5.6. (F))*F;,(F})*F; € I’™%(Cy,C3).

Proof. We show for (F{)*F}. The proof for the other case is similar. Consider the operator R
defined as follows:
RV(x1,x2) = V(=x1, x2).

This is a Fourier integral operator of order O with the canonical relation C,. This is because,
RV(x1,x) = f VRV (1, ya)dydé
- f FEDEY 2y, y)dydé
_ f ATy v

It is easy to check that canonical relation is C;.
Now consider the operator F' = F| o R. This is given by

FV(s,t) = f eSO p(s 1 x, w)V(x)dxdw

where
b(s,t, x,w) = (1 = Y2)(1 = Y3)](=x1, x2)a(s, t, —x, X2, w).

Note that (1 — ¥3)(—x1,x2) = ¥3(xy, xp) except in a small neighborhood of the origin. Since
Y1(1 — ) is 0 in a neighborhood of the origin, and noting that we can arrange ¢; and ¥, to be
symmetric with respect to x;, we have

FV(s.1) = f e LS (1 = Yo )r)(R)als, 1, =x1, X2, ) V(x)dxdw.
Now we have that F*F Telr 2mO(A, Cy). In fact the kernel of this operator has the same form as

in (10) and the same proof as in Theorem 5.5 applies. Next we use [15, Proposition 4.1] to show
15



that R*IF*FI+ e IP"0(C,, C5). Ttis straightforward to check that C, o A = C», C, o C; = C3 and
Cy %A (as well as Co X Cy) intersects T* XX Ar«x X T* X transversally. Hence the hypotheses of [15,
Proposition 4.1] are verified and we conclude that R*F*F} € I*"%(Cs, C3). Since F* = R*(F;)*
and (R*)? = Id we have (F)'F} € 179(C,, C3). O]

Since I?(A) € I*™O(A, Cy), I""(C; \ A) € I"™(A, C;) for i = 1,2 and I?"(C3 \ (C; U Cy)) €
1"0(C,, C5), Theorem 5.2 follows using Lemmas 5.3, 5.4, Theorem 5.5 and Proposition 5.6.

Remark 5.7. Using the properties of the 17! classes, F*F € I*™%(A,C)) implies that F*F €
I"™(A\ C)) and F*F € I*(C; \ A). This means that F*F has the same order on both A and
C, which implies that the artifact C;| has the same strength as the initial singularities given by
A. Similarly for C, and C3. Note that C; gives an artifact that is a reflection in the x; axis, C,
gives an artifact that is a reflection in the x, axis, and C3 gives an artifact that is a reflection in
the origin.
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Appendix A.

Here we give the derivations of (19) - (24). We will work in the coordinate system defined in
(16). We extend the phase function in (11) to R3 by letting

E):w{\/(yl—s)2+y§+(y3—h)2+ Vo1 + 52 432+ (s =P —

(\/(xl -+ %+ (3 —h)? + \/(xl +5)2 + 2%+ (a3 — h)z)}.

Then note that _ _
0w<D|x3:y3:0 = 60_,(:[) and asq)lx}:n:o = BJCD.
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Appendix A.1. Expression for x| — y,
We obtain an expression for x; — y; in the form

Al i=x1—y = ;D + fio(x,y, $)0,0,

fir(x,y, s)
w
where fi; and fj, are smooth functions. In the coordinate system (16),

Ay = s(coshp cos ¢ — coshp’ cos ¢')

dwd = 2s(coshp’ — cosh p).

0. (coshp’ cos¢’ +1 coshp’cos¢’ — 1) (coshpcos¢+ 1
sP =w - -
’ coshp’ + cos ¢’ coshp’ — cos ¢’ coshp + cos ¢

3 coshpcos ¢ — 1)
coshp —cos ¢

9 {coshp’ —coshp’ cos> ¢’  coshp — cosh p cos? ¢}
= 2ZW —_
cosh® p’ — cos? ¢’ cosh® p — cos? ¢

After simplifying, we get,

_ Zw{ (cosh p — cosh p”)(cosh p cosh p’ — cos? ¢ cos? ¢') .
(cosh? p’ — cos? ¢)(cosh? p — cos? ¢)
(cosh p’ cos? ¢ — cosh p cos? ¢’ )(cosh p cosh p’ — 1)}

(cosh? p’ — cos? ¢ )(cosh? p — cos? ¢)
Now observing that cosh p’ —coshp = % and adding and subtracting cosh p cos? ¢ to the second
term on the right above, we have,
w  (coshpcoshp’ — cos? ¢cos® ¢')

9,D + — w
s (cosh? p’ — cos? ¢)(cosh? p — cos? ¢)

{(cosh p’ — cosh p) cos? ¢ + cosh p(cos” ¢ — cos? ¢’)}(coshp coshp’ — 1)
2w .

(cosh? p’ — cos? ¢’)(cosh? p — cos? ¢)
From this we get

cos ¢ — cos ¢’ = 8;®(cosh? p’ — cos? ¢')(cosh? p — cos® ¢)
) cosh p(cosh p’ coshp — 1)(cos ¢ + cos ¢’)

.\ ‘f(’)ma ((coshp cosh p’ — cos? ¢ cos? ¢’) — cos? ¢(cosh p cosh p” — 1))

(A1)

2w cosh p(cosh p’ cosh p — 1)(cos ¢ + cos ¢’)
Now note that
4 = 50,®(cosh? p’ — cos? ¢ )(cosh? p — cos? ¢) _ cos ¢’ 0.3
2w(cosh p’ coshp — 1)(cos ¢ + cos ¢) 2
wd,® ((coshp coshp’ - cos? ¢ cos? ¢') — cos? p(cosh pcoshp’ - 1))
2w(cosh p’ coshp — 1)(cos ¢ + cos ¢’)
17
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Now letting x3 = y3 = 0, we see that we have written x; — y; as a combination in terms of 9,0
and J,®P as follows:

s(cosh? p’ — cos? ¢’ )(cosh? p — cos? ¢) 3, D N
2(coshp’ coshp — 1)(cos ¢ + cos¢’)  w

((coshp coshp’ — cos? ¢ cos? ¢’) — cos? ¢(cosh p coshp’ — 1)) cos ¢/ 5
— wq)
{ 2(cosh p’ coshp — 1)(cos ¢ + cos ¢’) 2 }

We can write the above expression in the Cartesian coordinate system. First, for simplicity, let

X = \/(xl —s)2+)c§+h2

X, = \/(xl +5)% + x5 + h?
with Y| and Y, being similarly defined with x replaced by y. Then we have
s(2) (52) 5,0
() (5~ 1)t = ) ©
(2) () - iy - (i (84 (559)-0)

Y +Y Xi+Xo X Y
2((_'232)(_]25 )_ 1)(@ + LIYZ)
2 2

X1 —=y1 =

Y1
- 0,
Y1 + Yz} @
Appendix A.2. Expression for x% - y%

Now we write x3 — y3 in the form

fxy.5)
Ay i=x3—y) = I

asq) + f22(x, Y, s)(')a,(l), (A2)
where f>; and f>, are smooth functions. A; in the coordinate system (16) is
Ay = §* (sinh2 psin? ¢ cos? 6 — sinh? p’ sin” ¢’ cos? 9’)
= % (sinh? psin® ¢ — sinh? ' sin” ¢') + (A.3)
s (sinh2 o' sin ¢’ sin? @ — sinh? p sin? ¢ sin’ 6’) . (A.4)
For x3 = y3 = 0, (A.4) is 0. Therefore we focus only on the term (A.3), which we still denote as
A, and obtain an expression of the form (A.2) for this term.
Using the formulas sinh? p = cosh? p — 1, sin® ¢ = 1 — cos? ¢, and simplifying, we have
Ay =52 ((costh — cosh? p’) sin” ¢ — (cos® ¢ — cos? ¢') sinh? p’)
=s2((coshp — cosh p”)(cosh p + cosh p”)
— (cos ¢ — cos ¢')(cos ¢ + cos @) sinh? p’).

Recall that coshp — cosp’ = 65“5‘? and using the expression for cos ¢ — cos ¢’ in (A.1), and setting
x3 = y3 = 0, we see that x5 — y; can be written in the form (A.2).
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Appendix A.3. Expression for & — 1,

Note that £ = d,, @ and 17 = —=0,, @ and so A3 := & — 1y = 0y, D + 9, D.
We have

yi—5S yi+s X1 — S X1+
Ay = - .
3 ‘”{( e Rl ezl A e yR<s>|)}

In the coordinate system (16) this is

) ( sinh? p’ cos ¢’ sinh? p cos ¢ )
=2w —
cosh?p’ —cos2 ¢’ cosh? p — cos? ¢

Simplifying this, we get

) { (cos ¢ — cos ¢’ )(— sinh? p cosh? p’ — sinh® p’ cos ¢ cos ¢)
=2w
(cosh? p — cos? ¢)(cosh? p’ — cos? ¢’)
N (cosh p — cosh p”)(cosh p + cosh p”) cos ¢’(1 — cos ¢ cos ¢’)}
(cosh? p — cos? ¢)(cosh? p’ — cos? ¢") '

Now noting that coshp —coshp’ = % and using the formula (A.1) for cos ¢ —cos ¢’ and setting
x3 = y3 = 0, we can write Az in the form (21).

Appendix A.4. Expression for (x; — y2)(&2 + 1m2)

Using the coordinate system (16), we can write A4 := (x3 + y2)(&2 — 12) (up to a negative
sign) as

(xz—)’2)(§2+772)=w(?€2—)’2( e e )
x—=yrl  lx—yrl ly=vyrl  ly— &l

_2w( xcoshp y2 coshp’

B T(costh —cos26  cosh? o —cos2 @

Xy cosh p’ Xpy3 cosh p
cosh? p’ — cos2 ¢/ - cosh? p — cos? 9)
2w( x3coshp x5 coshp’
- T(costh —cos20  cosh? o —cos? ¢
N (x% B y%) cosh p’

cosh? p’ — cos2 ¢/
X2y, cosh o’ X2y, cosh p )
cosh?p’ — cos?@  cosh®p — cos26)

19



2 ’
X5 cosh
Here we have added and subtracted ;—p in the previous equation. Simplifying this
cosh” p’ — cos2 &

we get,

(coshp cosh p’ + cos? B)(cosh p’ — cosh p)

2w
(x2 — )& + )=—€x2—x {
2=y) & +m s (72 22 (cosh? p — cos? B)(cosh? p’ — cos? §")

cosh p(cos 6 + cos 8 )(cos 6 — cos &)

(cosh? p — cos? B)(cosh? p’ — cos? &)
coshp’ )

+ (5 - ) —————
> "% cosh? p — cos? ¢

0, :
%= and we already have expressions for cos @ — cos ¢’

Now note that coshp” — coshp = =5
(Equation (A.1)) and for x% - y% involving combinations of d,® and 9.
Hence we can write (x; — y2)(& + 172) in the form of (22). Note that our calculation in this

section shows that
coshp coshp’

cosh? p — cos? @ " cosh? o —cos2

(cosh p cosh p’ + cos? B)(cosh p’ — cosh p)
(cosh? p — cos? B)(cosh? p’ — cos? &)
cosh p(cos 6 + cos 8 )(cos O — cos &)

(AS5)

(cosh? p — cos? B)(cosh? p’ — cos? 6")

This will be useful in the derivation of (24) in Appendix A.6 below.

Appendix A.5. Expression for (xy + y2)(&2 — 112)
This is very similar to the derivation of the expression we obtained for (xy — y2)(&2 + 172).

Appendix A.6. Expression for fg - ;7%

We have
X X 2 2
é_.%_n%:wz( 2 " 2 ) _( 2 + 2 )
lx =yl |x— 7l y=vyrl ly—zl

4.2 ( ) cosh® p ) cosh? p’ )

X
? (cosh? o — cos2 6)2 n (cosh? p’ — cos2 6)?

4 2{ ) ( cosh? p cosh? p’ )
=40 {x -
2 (cosh? p — cos2 )2 (cosh® p’ — cos? §')2
cosh? p’
+(5 = y3) }
270 (cosh? p” — cos2 )2

Now using the computations for x% - y% and (x; — y2)(&2 + ), in particular (A.5), we can write
& — 5 in the form
& - = wfar(x.y, )0,D + & fo(x,y, )3, P

for smooth functions fs1, fe.
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Appendix B.

Here we explain the reason for setting g(s, ) = 0 for |t — 2 V2 + h2| < 20€*/h in (3).

In the proof of Theorem 5.2 — more precisely Lemma 5.3 — recall that we consider four
squares with vertices (e, +€), (€, £2€), (+2¢, =€), (£2€, +2¢). The motivation to choose g = 0
as above comes from the fact that we want the amplitude term a of F to be O for those (s, f) such
that the ellipse defined by it is contained in a small neighborhood containing these squares.

One way to find this is as follows:

Given (s, 1), the ellipse \/(xl -5+ x5 +h+ \/(xl + ) + x5 + h? = t can be written in the
form

(47 = 165H)x7 + 4233 = 1* — 4% (s> + I?).

Note that for this ellipse, the length of the semi-minor axis is always smaller that the length of
the semi-major axis. The point (2¢, 2¢) is 2 V2e away from the origin. Therefore let us choose a
t for which the ellipse passes through the point (0, 3€). The time ¢ is such that

2 — 4(s* + h*) = 36€%.

Hence

t=2Vs2 + 12 =36€%/(t + 2 Vs2 + h2).

Since t > 0 and s > 0, we have
t—2Vs2+h? < 18€*/h.

This explains the factor 18 in Lemma 5.3. Now choosing 20 (any number bigger than 18 would
do) explains our choice of the constant in (3).
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