MORERA THEOREMS VIA MICROLOCAL ANALYSIS

Josip Globevnik and Eric Todd Quinto
Abstract. We prove Morera theorems for curves in the plane using microlocal analysis. The key is that microlocal smoothness of functions is reflected by smoothness
of their Morera integrals on curves–their Radon transforms. Parallel support theorems for the associated Radon transforms follow from our arguments by a simple
correspondence.

1. Introduction
R
The classical Morera Theorem states that, if C f dz = 0 for all closed curves
in a region, then f is holomorphic in that region. More general Morera theorems
specify subclasses of curves which can be used to determine holomorphy (see [Ag,
BG1, BG2, Gl1, Gl2, Gl3, Gl4, Za1, Za3]). In the present paper we show how to use
arguments from microlocal analysis to prove Morera theorems for circles passing
through the origin (§2.1), for circles of arbitrary radius and arbitrary center (§2.2),
and for translates of a fixed closed convex curve (§2.3).
The theorems we prove have somewhat different character from
known Morera
R
theorems. First, we assume that as a function of the curve, C f dz is constant;
in known theorems one assumes that the integral is zero. The sets of curves and
the domains are more general than in known theorems. In general, we assume
that f is holomorphic on a small set and then infer that f is holomorphic on a
larger set. This holomorphy assumption is not present in known Morera theorems,
so we provide counterexamples to our conclusions when we drop holomorphy assumptions. Finally, our theorems are valid for distributions because the associated
Radon transforms are defined for distributions and the proofs in §3 are valid for
distributions.
In our proofs, we start with a distribution f that is holomorphic on a small set
V and we use the microlocal analysis of an associated Radon transform to show f
is holomorphic on a much larger set, Ω. The outline of our proofs is as follows. We
assume that integrals of f dz over a class of curves do not depend on the curve.
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We also assume that f is holomorphic on V . Using the microlocal properties of
the Radon transform that integrates over these curves, we show f is real analytic
in certain directions in the microlocal sense, that is, the analytic wave front set,
∂
is a real analytic elliptic partial differential
WFA (f ), is sufficiently small. Since ∂z
∂f
operator, WFA ( ∂z ) = WFA (f ). So, the distribution ∂f
∂z is real analytic in these
same directions. Finally, we use a theorem of Hörmander, Kawai, and Kashiwara to
prove propagation of real analyticity of f : since ∂f
∂z = 0 on V and certain directions
∂f
∂f
are not in WFA ( ∂z ), we show ∂z is zero on the larger set Ω. So, f is holomorphic
on Ω. These ideas can be used on other spaces such as Riemann surfaces or complex
manifolds and preliminary results have recently been proven.
This outline is very close to microlocal proofs of support theorems for Radon
transforms in, e.g., [BQ, Gl5, Qu3]. This correspondence in proofs is seen in the
Morera Theorems 2.1.2 and 2.2.1 and corresponding support Theorems 3.1.2 and
3.2.2. Loosely, whenever a support theorem for curves in C is proven using microlocal analysis as in [Qu3], a parallel Morera theorem can be proven in the same way
and vice versa. Both theorems will apply to distributions and arbitrary nowherezero real analytic measures.
A similar correspondence using Green’s theorem exists between some classical
Morera theorems and support theorems for Pompeiu transforms for regions in the
plane [Za3]. A related correspondence exists between mean-value integrals and
differential equations (e.g., harmonicity) [Za2]. There is even a classical correspondence between Morera theorems and support theorems for Radon transforms. This
last correspondence requires enough ‘degrees of freedom’ in the curves
R so one can
use Green’s theorem and a differentiation to convert from an integral C f dz on the
R
curve C to an integral C ∂f
∂z ds. (We do provide a non-microlocal proof in §3.2 for
such a case. We believe this result is new.) The classical correspondences do not
allow one to prove our theorems using currently known support theorems.
2. The Morera theorems
The theorems in this section are stated for continuous functions, but they are
valid for distributions.
2.1. Morera Theorems on circles passing through the origin.
Let a ∈ C. We denote the circle centered at a/2 which passes through the origin
by Γ(a). The segment between the origin and a is a diameter of Γ(a). The set
of circles passing through the origin has dimension two and thus the associated
Morera problem is not dimensionally overdetermined.
Theorem 2.1.1. Let A be an open connected subset of C which contains the oriRgin. Let Ω = ∪a∈A Γ(a) and let f be a continuous function on Ω. Assume that
f (z) dz = 0 for a ∈ A. If for each k there is a neighborhood Uk ⊂ C of the
z∈Γ(a)
origin such that f |Uk is of class C k , then f is holomorphic in Ω.
Theorem 2.1.1 does not hold if one replaces the smoothness assumption by a
weaker smoothness assumption that for some k there is a neighborhood Uk ⊂ C of
the origin such that f |Uk is of class C k [Gl1]. Note also that although Γ(0) is only
a point, the Morera integral is defined and zero at a = 0.
Under the hypotheses of Theorem 2.1.1, f is holomorphic in a small disk centered
at zero [Gl1, Theorem 1]. Now Theorem 2.1.1 follows from our next theorem.
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Theorem 2.1.2. Let A be an open connected subset Rof C. Let Ω = ∪a∈A Γ(a) and
let f be a continuous function on Ω. Assume that a 7→ z∈Γ(a) f (z) dz is constant on
A and suppose that f is holomorphic in a neighborhood of Γ(a0 ) for some a0 ∈ A.
Then f is holomorphic on Ω.
Note that the assumption that f is holomorphic in a neighborhood of Γ(a0 )
implies that f is defined and holomorphic in a neighborhood of the origin.
The conclusion of Theorem 2.1.2 is false in general if one drops the assumption
about f being holomorphic. To illustrate this, let f (z) = zR3 /z (z ∈ C \ {0}),
f (0) = 0. Then it is easy to see that f is continuous and that Γ f dz = 0 for every
circle Γ through the origin yet f is nowhere holomorphic. Similar examples also
show that one cannot drop the smoothness assumption in Theorem 2.1.1.
2.2. Morera Theorems on arbitrary circles.
Now, we consider arbitrary circles, not just those containing the origin. The
associated Morera problem is dimensionally overdetermined. We let C(y, r) denote
the circle centered at y ∈ C and of radius r ∈ (0, ∞).
Theorem 2.2.1. Let A be an open connected subset of C × (0, ∞). Let Ω =
∪
R (y,r)∈A C(y, r) and let f be a continuous function on Ω. Assume that (y, r) 7→
f dz is constant on A and let f be holomorphic in a neighborhood of C(y0 , r0 )
C(y,r)
for some (y0 , r0 ) ∈ A. Then f is holomorphic on Ω.
In some cases local two-circle theorems can be applied under weaker hypotheses.
Let D be a disk and assume integrals of f dz are zero on all circles of two well chosen
radii contained in D. Then f is holomorphic on D [BG1, BG2]. The local two-circle
theorems are stronger than our theorem in the sense that one assumes vanishing of
integrals for circles of two well chosen radii, rather than our three-dimensional set
of circles. However, our theorem does not follow from their results, since our sets,
A and Ω, are more general than those permitted in two-circle theorems.
Our assumption that f is holomorphic somewhere is not in the classical theorems.
For example, Carleman [SZ, Rp. 179, Ri pp. 315, 333] proved that f is holomorphic
in a region, B, as long as C(y,r) f dz = 0 for (y, r) in a neighborhood, A, of
B × {0}. The proof consists of an easy convolution argument and an application
of Green’s theorem. However, the function f (z) = z 3 /z has zero integrals over all
circles surrounding the origin, but f is not holomorphic (see [Gl2, Theorem 2]).
This shows that some holomorphy assumption is necessary for our theorems.
2.3. Morera Theorems on translates of curves.
Let γ be a regular, simple, closed real analytic curve in the plane. Such a curve
divides the plane into two regions; we say γ is convex if the bounded region inside
γ is convex. We say that γ is flat to order one at a point w = (w1 , w2 ) ∈ γ if the
tangent line to γ at w does not have higher than first order contact with γ at w. If
the curve is given locally by x2 = f (x1 ) then the condition is, of course, equivalent
to f 00 (w1 ) 6= 0.
Theorem 2.3.1. Let γ be a regular, simple, closed, convex curve parameterized in
polar coordinates by r = r(θ) where r : [0, 2π] → (0, ∞) is periodic and real analytic.
Assume γ is flat to order one at all points on γ. Let A be an open connected subset
of C. Let D be the convex hull of γ and let Ω be the union of all
R translates y + D for
y ∈ A. Assume f is continuous on Ω, and assume that y 7→ y+C f dz is constant
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for y ∈ A. Assume that, for some y0 ∈ A, f is holomorphic in a neighborhood of
the set y0 + D. Then f is holomorphic on Ω.
The convexity hypothesis in Theorem 2.3.1 is given to make the picture clear;
any smooth closed curve that is flat to order one at all points is also strictly convex
by a simple Mean Value Theorem argument.
Strong holomorphy assumptions are necessary here. The case where γ is a circle
has been studied, and negative results are known if the assumptions are weakened.
The example in [Qu2] shows that the conclusion of Theorem 2.3.1 is false for circles if
one weakens the hypotheses about holomorphy of f to become: for some y0 ∈ A, f is
holomorphic in the neighborhood of the curve y0 +γ (rather than in a neighborhood
of y0 + D). That example is given for integration in arc length measure, but it can
be easily adapted to the measure dz, since the function in that example is radial
(see also [Jo, p. 115]).
Counterexamples to the conclusion of this theorem exist when γ is not convex.
One √
counterexample is as follows. Let the curve γ defined in polar coordinates by
r = 2 − cos θ. This curve looks a little like the boundary of a very fat letter ‘C.’
Let f be the function that is +1 on [1/2, 1] × [0, 1] and −1 on [1/2, 1] × [−1, 0]. We
let A be a small neighborhood of (0, 0). Whenever a translate of C (with center in
A) meets the top half of supp f , it meets the bottom half and the integrals cancel.
One can make f smooth as long as the smoothed function is constant on small
vertical segments near (1/2, ±1/2), the two ‘points’ of the ‘C.’ Then, the integral
on the top part will cancel the integral on the bottom part, as long as the center is
sufficiently close to (0, 0).
3. Proofs
3.0. Preliminaries.
The theorems in §2 will now be proven for distributions. This simplifies some
details in the proofs; for example, ∂f
∂z does not have to be a smooth function. In
each case, we will first explain why the associated Radon transform is a real analytic
Fourier integral operator. Then we use the microlocal analysis of this operator to
prove the theorem.
Definition 3.0.1. Let f ∈ D0 (R2 ) and let C be a smooth curve. Let x ∈ C ∩
supp f . We say that supp f is on one side of C at x if there is an open neighborhood
U of x such U \ C has two connected components on one of which f vanishes
identically.
The analytic wave front set, WFA (f ), of a distribution f ∈ D0 (Rn ) is defined in
[Tr] and [Hö2]. Loosely speaking, if x ∈ Rn and ξ ∈ Rn \ {0} then (x, ξ) ∈ WFA (f )
if the Fourier transform (localized about x) of f does not decrease rapidly enough
in directions near ξ. If C ⊂ R2 is a regular, simple curve, then we let N ∗ C denote
the conormal bundle of C i.e., the set of all (x, ξ) ∈ T ∗ R2 such that x ∈ C and the
linear functional ξ is zero on the tangent space Tx C. Then, N ∗ C \ 0 will denote this
conormal bundle with zero section removed. We will need the following theorem of
Hörmander, Kawai, and Kashiwara [Hö2, Theorem 8.5.6].
Lemma 3.0.2. Let h ∈ D0 (R2 ) and let C be a smooth curve. Let x ∈ supp h ∩ C
and assume that supp h is on one side of C at x. If (x, ξ) ∈ N ∗ C \ 0, then
(x, ξ) ∈ WFA (h).
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This Lemma is a refinement of the obvious statement that, if x ∈ supp h ∩ C
and supp h is on one side of C at x, then h is not real analytic near x.
3.1. The Radon transform on circles passing through
the origin.
R
Let a ∈ C and define the Radon transform So f (a) = z∈Γ(a) f (z) dz. To prove
the Morera theorem, we first need a microlocal regularity theorem for So .
Proposition 3.1.1. Let a0 ∈ C \ {0} and let W ⊂ C be an open set containing the
circle Γ(a0 ). Let f ∈ D0 (W ) and assume So f (a0 ) is real analytic in a neighborhood
of a0 . Furthermore, assume f is real analytic in a neighborhood of zero. Then
WFA (f ) ∩ N ∗ (Γ(a0 )) = ∅.
Proof. We first show that So is equivalent to a dual Radon transform, R∗ , for which
the Bolker Assumption [GS, pp. 364-365], [Qu1, equation (9)] is known to hold. This
assumption will be described below; the microlocal analysis of transforms satisfying
the Bolker Assumption is especially easy. The proof becomes more complicated
because of the degeneracies near x = 0 or a = 0 (for example Γ(0) = {0} is a point,
not a curve).
Let X, Y , and Z be manifolds. If A ⊂ T ∗ X × T ∗ Y and B ⊂ T ∗ Y × T ∗ Z are
manifolds, then we define
A0 ={(x, y; ξ, −η) (x, y; ξ, η) ∈ A},

(3.1a)

At ={(y, x; η, ξ) (x, y; ξ, η) ∈ A}

if A ⊂ T ∗ X × T ∗ Y and B ⊂ T ∗ Y then
(3.1b)

A ◦ B = {(x, ξ) ∈ T ∗ X ∃(y, η) ∈ B such that (x, y; ξ, η) ∈ A}

Let Λ ⊂ T ∗ X \ 0 × T ∗ Y \ 0 be a Lagrangian manifold and let S be a Fourier
integral operator (FIO) associated to Λ. If the projection from Λ to T ∗ Y is an
injective immersion, then we say S (or Λ) satisfies the Bolker Assumption [GS, pp.
364-365], [Qu1, equation (9)]. If dim X = dim Y , then Λ is a local canonical graph
[Hö1, Definition 4.1.5, Qu1]. The microlocal analysis of FIO associated to local
canonical graphs is especially easy. In particular, if S is real analytic elliptic and f
is a distribution, then
WFA f = Λ0 ◦ WFA Sf.

(3.2)

The inclusion “⊃” follows immediately from the real analytic equivalent of ([Tr,
Theorem II 8.5.4]), and the other one from ellipticity. (Essentially, one constructs
a parametrix T , a FIO associated to Λt , and shows that T ◦ S is an analytic elliptic
pseudodifferential operator. This is similar to the argument on the bottom of p. 337
below (14) in [Qu1]. See also [Hö1], Theorem 4.2.2 and discussion at the bottom
of p. 180 for how to compose FIO.)
Let Ξ = ([0, 2π] × R)/[(θ, p) ∼ (θ + π, −p)]; Ξ represents the set of lines in the
plane. Let P : Ξ → R2 be defined by P (θ, p) = (p cos θ, p sin θ). Then, as in [CQ,
Lemma on p. 578],
So f (a) =
Z 2π


(3.3) 1/2
f ◦ P (θ, x · θ) (a · θ⊥ )(cos θ + i sin θ) + (a · θ)(− sin θ + i cos θ) dθ
θ=0

= R∗ f ◦ P (a)
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where θ = (cos θ, sin θ) and θ⊥ = (− sin θ, cos θ) and the inner product is the real
inner product on R2 . The last term in (3.3) is the dual transform R∗ to a generalized
Radon transform on lines in the plane [Qu1, §3]. The incidence relation [He] for R∗
is the set Z = {([θ, p], x) ∈ Ξ × R2 x · θ = p}.
R∗ is a Fourier integral operator (FIO) associated with the Lagrangian manifold
Λ = N ∗ Z \ 0 [GS, Q1, §3]. The relation x · θ − p = 0 defines Z and its differential
gives a basis of the fibers of Λ. Therefore, [Q1, bottom of p. 339]

(3.4)
Λ = { [θ, p], x; α(x · θ⊥ )dθ, −αdp, αθ · dx ([θ, p], x) ∈ Z, α ∈ R \ 0}.
Here, x = (x1 , x2 ) and θ · dx = cos θdx1 + sin θdx2 .
Since the weight in brackets in (3.3) is nowhere zero, the symbol of R∗ is nowhere
zero, R∗ is elliptic [GS, Q1 Theorem 2.1] (see [Tr] for the definition of ellipticity).
Since the weight and Lagrangian manifold, Λ, are real analytic, R∗ is a real analytic
elliptic Fourier integral operator associated with Λ [Ka, SKK].
Let π2 be the projection from Λ to the second factor, T ∗ R2 ; π2 [θ, p], x; α(x ·

θ⊥ )dθ, −αdp, αθ · dx = (x, αθ · dx). It is easy to show, using (3.4) and the
definition of Ξ, that π2 is an injective immersion. Therefore, the Bolker Assumption
holds. So, by (3.2), if f˜ is a distribution on Ξ, then
(3.5)

WFA (f˜) = Λ0 ◦ WFA (R∗ f˜).

Now, we go back to (3.3) and apply (3.5) to the composition f˜ = f ◦ P where
f is a function on R2 . As P is a diffeomorphism away from p = 0 (corresponding
to x = 0), and f is a real analytic function near x = 0, f˜ is a distribution on Ξ
(essentially the same arguments work if f is a distribution). By (3.3) and the fact
So f is real analytic near a0 , WFA (R∗ f˜) does not meet Ta∗0 R2 . Now, by (3.5),
(3.6)


WFA (f˜) ∩ Λ0 ◦ Ta∗0 R2 = ∅

By explicitly calculating this second set in (3.6) one sees
(3.7)

WFA (f˜) ∩ N ∗ Γ̃(a0 ) = ∅ where Γ̃(a0 ) = {[θ, p] ∈ Ξ a0 · θ = p}

Because P is a diffeomorphism away from x = 0, the distribution f˜ differs from
the push forward distribution (P −1 )∗ f by a nonzero real analytic (Jacobian) factor
away from p = 0. Therefore, WFA (f ◦ P ) = (P −1 )+ WFA (f ), at least away from
p = 0 [Tr, I Ch. 5, Theorem 3.5 and p. 53 for the definition of (P −1 )+ ]. Since
f is real analytic near x = 0, both of these wave front sets are empty near x = 0
(p = 0). Using this fact, (3.7), and the fact that N ∗ Γ̃(a0 ) = (P −1 )+ N ∗ Γ(a0 ) ,
we see that (P −1 )+ (WFA (f ) ∩ N ∗ Γ(a0 )) = ∅. This last equation implies that
WFA (f ) ∩ N ∗ Γ(a0 ) = ∅. 
Proof of Theorem 2.1.2. Let f be a distribution. Without loss of generality, we
can assume 0 ∈
/ A (if 0 ∈ A, then A \ {0} is connected and open; if a0 = 0,
0
then ∃a0 ∈ A \ {0} such that f is holomorphic in a neighborhood of Γ(a00 )). Since
WFA (f ) = WFA ( ∂f
∂z ), Proposition 3.1.1 gives
(3.8)

WFA (∂f /∂z) ∩ N ∗ (Γ(a)) = ∅ ∀a ∈ A.
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Assume f is not holomorphic on Ω. Then, there is an a2 ∈ A such that Γ(a2 )
meets supp ∂f
∂z . Since A is connected and a0 ∈ A there is a path in A from
a0 to a2 . Therefore, there is an a1 ∈ A such that supp ∂f
∂z is on one side of
Γ(a1 ) at some x ∈ Γ(a1 ) a1 can be chosen as the first point in this path whose

∂f
∗
circle, Γ(a1 ), meets supp ∂f
∂z . If x ∈ supp ∂z ∩ Γ(a1 ), and (x, η) ∈ N Γ(a1 ) \ 0,
∂f
then Lemma 3.0.2 implies that (x, η) ∈ WFA ( ∂z ). However, (3.8) implies that
(x, η) ∈
/ WFA ( ∂f
/ supp ∂f
∂z ). This contradiction shows that x ∈
∂z and completes the
proof of the theorem. 
The same type of reasoning gives a new support theorem. Let
Z
(3.9)
Soµ f (a) =
f (z)µ(z, a)ds
z∈Γ(a)

where ds is the arc length measure on the circle and the weight µ is continuous.
Theorem 3.1.2. Let A be an open connected subset of C. Let Ω = ∪a∈A Γ(a) and
let f be a continuous function on Ω. Assume the weight, µ, in (3.9) is nowhere
zero and real analytic. Assume that Soµ f (a) = 0 for all a ∈ A. If f is zero in a
neighborhood of Γ(a0 ) for some a0 ∈ A, then f = 0 on Ω.
The analogous theorem is true for the transform on spheres through the origin
in Rn and the proof is essentially the same. Furthermore, a support theorem
corresponding to Morera Theorem 2.1.1 is true for So1 (i.e. with weight µ = 1). Let
A be a connected open set containing zero and let Ω = ∪a∈A Γ(a). Let f ∈ C(Ω)
be C ∞ in a neighborhood of zero. The main result in [CQ] shows that, under these
conditions, f is zero in a neighborhood of 0. Now, Theorem 3.1.2 shows that f is
zero on Ω.
Proof of Theorem 3.1.2. Proposition 3.1.1 holds for any Radon transform on circles
Γ(a) that has nowhere zero real analytic weight because the proof is valid for such
weights (Soµ defines a dual Radon transform in the same way as (3.3)). So, since
Soµ f (a) is real analytic (it is zero) for a ∈ A, WFA (f ) ∩ N ∗ (Γ(a)) = ∅ ∀a ∈ A.
We assume f is not identically zero on Ω. Now, we use the argument in the last
paragraph of the proof of Theorem 2.1.2 applied to f instead of ∂f
∂z to prove that
f is zero in Ω. 
3.2. Radon transforms on arbitrary circles.
Recall that C(y, r) is the circle centered at y ∈ C of radius r > 0. For f ∈ C(C),
Z
(3.10)
Sf (y, r) =
f (z) dz
z∈C(y,r)

is the Radon transform integrating f dz over C(y, r).
Proposition 3.2.1. Let (y, r) ∈ C × (0, ∞) and let W be an open set containing
the circle C(y, r). Let f ∈ D0 (W ) and assume Sf is real analytic in a neighborhood
of (y, r). Then WFA (f ) ∩ N ∗ (C(y, r)) = ∅.
Proof. We prove that the Radon transform S is a Fourier integral operator that
satisfies the Bolker Assumption. To do this, we will calculate the Lagrangian manifold, Λ associated to this operator. Then, the conclusion of Proposition 3.2.1 follows
from the theory of Fourier integral operators.
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The incidence relation
for this Radon transform [He] is the set Z = {(x, y, r) ∈

R2 × R2 × (0, ∞) (x − y) · (x − y) − r2 = 0}. Here again · is the real inner
product on R2 . Let Λ be the conormal bundle of Z in T ∗ R2 × (R2 × (0, ∞))
with the zero section removed. Let π2 be the projection on the second factor,
π2 : Λ → T ∗ (R2 × (0, ∞)). We have to show that π2 is an injective immersion and
for this we must explicitly calculate Λ. As Z is defined by the equation,
(3.11)

(x − y) · (x − y) − r2 = 0,

the differential of (3.11), 2(x − y)(dx − dy) − 2rdr, gives a basis for the fibers of
Λ. Here, xdx = x1 dx1 + x2 dx2 where x = (x1 , x2 ) ∈ R2 . Therefore,
Λ = {(x, y, r; α(x − y)dx, α(y − x)dy, −αrdr)
(3.12)

(x, y, r) ∈ R2 × R2 × (0, ∞), α 6= 0, (x − y) · (x − y) − r2 = 0}.

It is straight forward to show that π2 , the projection onto the second factor, T ∗ (R2 ×
(0, ∞)), satisfies the Bolker Assumption. So, just as in the proof of Proposition
3.1.1, S is a real analytic elliptic FIO
to Λ. Therefore,
if Sf is real
 associated



∗
analytic near (y0 , r0 ), then WFA (f )∩ Λ0 ◦ T(y
R2 ×(0, ∞)
= ∅. Since the
0 ,r0 )
expression in brackets above is equal to N ∗ C(y, r) \ 0, this is exactly the conclusion
of Proposition 3.2.1. 
Note that this transform does not satisfy the Bolker assumption for r = 0 because
the cotangent coordinate in (3.12) is zero when r = 0.
Microlocal proof of Theorem 2.2.1. Since Sf (y, r) is real analytic for (y, r) ∈ A, we
∂
use Proposition 3.2.1 to conclude WFA (f ) ∩ N ∗ C(y, r) = ∅ ∀(y, r) ∈ A. Since ∂z
∂f
is a real analytic elliptic differential operator, WFA (f ) = WFA ( ∂z ), so
(3.13)

WFA (∂f /∂z) ∩ N ∗ C(y, r) = ∅ ∀(y, r) ∈ A.

Since f is holomorphic in a neighborhood, V , of C(y0 , r0 ), ∂f
∂z = 0 in V .
Assume f is not holomorphic on Ω. Then, there is a (y2 , r2 ) ∈ A such that
C(y2 , r2 ) meets supp ∂f
∂z . Since A is connected and (y0 , r0 ) ∈ A there is a path in A
between (y0 , r0 ) and (y2 , r2 ). Therefore, there is a (y1 , r1 ) ∈ A such that ∂f
∂z is on one
side of C(y1 , r1 ) at some point on C(y1 , r1 ) (y1 , r1 ) can be chosen as the first point

∂f
in this path whose circle, C(y1 , r1 ), meets supp ∂f
∂z . If x ∈ supp ∂z ∩ C(y1 , r1 ),
and (x, η) ∈ N ∗ C(y1 , r1 ) \ 0, then Lemma 3.0.2 implies that (x, η) ∈ WFA ( ∂f
∂z ).
∂f
However, (3.13) implies that (x, η) ∈
/ WFA ( ∂z ). This contradiction shows that
∂f
x∈
/ supp ∂z , and it proves the theorem. 
Proof outline of Theorem 2.2.1 without microlocal analysis. Because C(y, r) is parameterized by the independent variables, y and r, one can use Green’s Theorem
to reduce this Morera theorem to a support theorem for the classical Radon transform on circles. Then, arguments similar to those in [John p. 115] can be used to
prove this support theorem. No such trick works for circles through the origin and
convex curves because there are not enough degrees of freedom. This second proof
is included for completeness.
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One can prove the existence of (y1 , r1 ) ∈ A and positive constants 1 and 2 such
that
(3.14a) f is not identically zero on C(y1 , r1 ),
(3.14b) U = {(z, s) |z − y1 | < 1 , |s − r1 | < 2 } ⊂ A,
(3.14c) There is an R ∈ (r1 − 2 , r1 + 2 ) such that C(y, R) does not meet supp ∂f
∂z
whenever |y − y1 | < 1 .
The justification is similar to the geometric arguments of the microlocal proof above
that come up with C(y1 , r1 ) but now we use thin annuli made up of circles in A
and letting y1 be the center of the first one that just touches supp ∂f
∂z .
A convolution argument allows us to assume f is a smooth function.
We now reduce to an integral of the function ∂f
∂z over C(y, r) in measure ds. To
do this, use Green’s Theorem to show for (y, r) ∈ U ,
Z
∂f
dA = ±(Sf (y, r) − Sf (y, R)) = 0
(3.15)
A(y,r,R) ∂z
where A(y, r, R) is the annulus between the two circles C(y, r) and C(y, R). The
sign, ±, in (3.15) depends on whether r is larger or smaller than R. Now, differentiate the area integral with respect to r to show that the arc length integral
Z
∂f
ds ∀(y, r) ∈ U.
(3.16)
0=
C(y,r) ∂z
We now use a perturbation argument parallel to that in equation (6.18) on p.
115 of [Jo]. (The only changes are that the integrals here are in R2 and that the last
integral in (6.18) [Jo] must be taken in our proof over the annulus A(y, r, R). This
argument uses the Divergence Theorem (for the area integral at the end of (6.18))
and the assumption 3.14c.) The perturbation argument shows that the integral of
∂f
∂f
∂z times any polynomial on C(y, r) is zero for all (y, r) ∈ U . This shows ∂z = 0
on all C(y, r) for (y, r) ∈ U . This contradicts 3.14a and finishes the proof. 
Using the correspondence between microlocal proofs of Morera theorems and
support theorems, we get the following new support theorem. Define
Z
(3.17)
S µ f (y, r) =
f (z)µ(z, y, r)ds,
z∈C(y,r)

where µ(z, y, r) is a continuous weight. Of course, the non-microlocal proof gives a
support theorem only for the classical measure, µ = 1.
Theorem 3.2.2. Let A be an open connected subset of C × (0, ∞). Let Ω =
∪(y,r)∈A C(y, r), and let f be a continuous function on Ω. Assume the weight, µ, in
(3.17) is nowhere zero and real analytic. Assume S µ f (y, r) = 0 for all (y, r) ∈ A.
If f is zero in a neighborhood of C(y0 , r0 ) for some (y0 , r0 ) ∈ A, then f (z) = 0 for
all z ∈ Ω.
Proof of Theorem 3.2.2. Proposition 3.2.1 holds for any Radon transform on circles
C(y, r) that has nowhere zero real analytic weight. So, since S µ f (y, r) is real
analytic on A (it is zero) WFA (f ) ∩ N ∗ (C(y, r)) = ∅ ∀(y, r) ∈ A. We assume f is
not identically zero on Ω. Now, we use the argument in the last paragraph of the
microlocal proof of Theorem 2.2.1 applied to f instead of ∂f
∂z to prove that f is zero
in Ω. 
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3.3. The Radon transform on translates of a curve.
The equivalent support theorem to Theorem 2.3.1 is the following:
Theorem 3.3.1 [Qu3, Theorem 1.2]. Let γ be a smooth closed convex curve parameterized in polar coordinates by r = r(θ) where r : [0, 2π] → (0, ∞) is real
analytic. Assume γ is flat to order one at all points on γ. Let A ⊂ R2 be open and
connected. Let Rµ be the Radon transform on translates of γ with nowhere zero
real analytic weight µ. Let D be the convex hull of γ and let Ω = ∪y∈A (y + D).
Assume f ∈ D0 (Ω) and assume Rµ f (y) = 0 for all y ∈ A. If, for some y0 ∈ A, the
set y0 + D is disjoint from supp f , then f is zero on Ω.
In the last two sections, we have seen that each Morera theorem (e.g., 2.2.1)
corresponds exactly to a support theorem (e.g., 3.2.2), and the microlocal proofs
correspond, too. For example, in the Morera theorem proofs, we show certain
∂f
directions are not in WFA ( ∂f
∂z ) and then use Lemma 3.0.2 to show ∂z is zero; in
the support theorem proofs, we show certain directions are not in WFA (f ) and
then use Lemma 3.0.2 to show f is zero. The microlocal arguments for the Support
Theorem 3.3.1 are given in detail in [Qu3], so the proof of the corresponding Morera
theorem will be left to the reader.
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[Hö2]
[Jo]
[Ka]
[Mu]
[Qu1]
[Qu2]

Agranovsky, M., Fourier transform on SL2 (R) and Morera type theorems, Soviet Math.
Dokl. 19 (1978), 1522–1526.
Berenstein, C. A. and Gay, R., A local version of the two circles theorem, Israel J. Math.
55 (1986), 267–288.
Berenstein, C. A. and Gay, R., Le problème de Pompeiu local, J. Analyse Math. 52 (1988),
133–166.
Boman, J. and Quinto, E. T., Support theorems for real analytic Radon transforms, Duke
Math. J. 55 (1987), 943–948.
Cormack, A. and Quinto, E. T., A Radon transform on spheres through the origin in Rn
and applications to the Darboux equation, Trans. Amer. Math. Soc. 260 (1980), 575–581.
Globevnik, J., Integrals over circles passing through the origin and a characterization of
analytic functions, J. Analyse Math. 52 (1989), 199–209.
Globevnik, J., Zero integrals on circles and characterizations of harmonic and analytic
functions, Trans. Amer. Math. Soc. 317 (1990), 313–330.
Globevnik, J., A boundary Morera theorem, J. Geom. Anal. 3 (1993), 269–277.
Globevnik, J., Holomorphic functions on rotation invariant families of curves passing
through the origin, J. Analyse Math. 63 (1994), 221–229.
Globevnik, J., A Support Theorem for the X- Ray Transform, J. Math. Anal. Appl. 165
(1992), 284–287.
Guillemin, V. and Sternberg, S., Geometric Asymptotics, Amer. Math. Soc., Providence,
RI, 1977.
Helgason, S., Groups and Geometric Analysis, Academic Press, New York, 1984.
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