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SINGULARITIES OF THE X-RAY TRANSFORM AND
LIMITED DATA TOMOGRAPHY IN 2 AND 3,
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Abstract. Given a function f, the author specifies the singularities of f that are visible in a
stable way from limited X-ray tomographic data. This determines which singularities of f can be
stably recovered from limited data and which cannot, no matter how good the inversion algorithm.
Microlocal analysis is used to determine the relationship between the singularities of a function f and
those of its X-ray transform. The results are applied to determine the singularities that are visible
for limited angle tomography and the interior and exterior problems. The author also suggests a
practical method to use this relationship to reconstruct singularities of f from limited data Rf. The
X-ray transform with sources on a curve in R3 is also analyzed.
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1. Introduction. X-ray tomography is an important, noninvasive, practical way
of finding the density of objects. In standard tomography, X-rays of the object are
taken over an evenly distributed set of lines, so-called complete tomographic data,
and well-known algorithms are used to recover a good approximation to that object
[21]. Inversion is only mildly ill-conditioned (continuous of order 1/2 in Sobolev norms).
However, one often needs to. find the density of an object but one cannot get X-ray
tomographic data over an evenly spaced set of lines through the object but only some
subset; one has limited tomographic data. Limited data tomography is important in
medical imaging [21], scientific tomography [1], and industrial nondestructive evaluation

[28].

In general, reconstruction from limited tomographic data is much more highly
ill-posed than reconstruction from complete data [6]. As a result, inversion algorithms
using limited data, generally, can create artifacts, blurring or other distortions in
their reconstructions. The goal of this article is to classify what singularities can
be stably reconstructed from limited data and what singularities cannot be stably
reconstructed no matter how good the algorithm. To do this, we will use a precise
concept of singularity: the wave.front set, and a precise concept of stability: continuity
in microlocal Sobolev norms. Then we will tell which singularities the X-ray transform
"sees" stably and which singularities are not stably detected from limited data. The
reason we can do this is because the X-ray transform is an elliptic Fourier integral
operator and, therefore, changes wavefront sets in specific ways.
We do not claim that all limited data tomography algorithms will reconstruct the
"visible" singularities well. Rather, we claim that, if a singularity is not stably visible
from limited data, no algorithm can reconstruct it stably. For "visible" singularities
our theorem gives stability estimates of order 1/2 in Sobolev norms, so one would ex*Received by the editors July 13, 1992; accepted for publication (in revised form) February 8,
1993.
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pect "visible" singularities to be well constructed by a "good" algorithm even in the
presence of noise.
This work is a natural outgrowth of [26], which gave the general principle (3.3)
we make more precise and then prove in 3-4. Palamodov stated a closely related
idea in [22]. The "tangent casting" effects of [30] is an intuitive way of expressing
(3.3) below. One can also understand stability of these problems using singular value
decompositions [4], [14], [16], [17], [18]. Lambda tomography [5] is a well developed
algorithm that finds singularities of a function from real tomographic data. Their
method works quite well with interior data (Example 3.3). Ramm and Zaslavsky [29]
have developed a method using Legendre transforms to reconstruct the singularities
of a function from knowing the singularities of its Radon transform. They consider
functions f CXD, where D is a piecewise smooth domain and is smoothmfunctions
with the jump singularities on OD, and they use.the behavior of Rf at OD to find
the (jump) singularities of f. Technicians currently use the sinogram, the graph of
Rf(0, p) in rectangular coordinates, to find boundaries, but this method is subjective.
In Remark 3.2, we propose a method to reconstruct singularities (classified by
Sobolev wavefront set) for arbitrary functions from general limited data.
Section 2 of this article provides the definitions of singularity and microlocal
Sobolev smoothness. In 3 we give the singularity result for the Radon transform
in the plane, Theorem 3.1. We apply this to determining singularities of arbitrary
functions from general limited data (Remark 3.2) and to show limitations inherent in
the common types of limited data tomography (Examples 3.3-3.5). Reconstructions
from exterior data are presented that illustrate our analysis. 4 gives analysis and
results for the X-ray transform with sources on a curve in R3.
2. Microlocal singularities and Sobolev spaces. Our development is valid
for distributions as well as functions, so first, we recall some basic definitions.
is the space of Coo functions of compact support. A distribution f E /)(R) is a
continuous linear functional on :D(R). A distribution f has compact support if there
is a compact set g c Rn such that f() 0 for all functions E T)(Rn) with support
disjoint from K, that is, f is zero outside of K. The set of distributions of compact
support is denoted by (R’).
The wavefront set of f T (]n) is a powerful classification of singularities because
it involves not only a point x0 at which f is not smooth, but also a direction in which
f is not smooth at x0. To understand this we recall some facts about the Fourier
transform. When f has compact support, then f is equal to a C o function almost
everywhere if and only if its Fourier transform, ’f, decreases rapidly in all directions
(for all N N, there exists CN such that for all
This relates global smoothness of f to rapid decrease of its Fourier transform. A local
version of this at a point x0 lln would be obtained by multiplying f by a smooth
cut-off function, (with (x0)
0) and seeing if this Fourier transform is rapidly
decreasing in every direction. However, this localized Fourier transform ’(f) gives
even more specific informationmmicrolocal information--namely, the directions in
which ’(f) does not decrease rapidly.
DEFINITION 2.1. Let f E :D’(Rn) and let x0 Rn and 0 Rn \ 0. Then we
say (xo,0) WFf, thewavefront set of f, if and only if for each cut-off function at
T(Rn) with ,(x0) 0, ’(f) does not decrease rapidly in any open conic
x0,
neighborhood of the ray {tolt > 0}.
For example, if D C Rn has smooth boundary, then WFXD is exactly the set of
normals to cOD. One can prove this using the definition and a local coordinate change
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to flatten cOD locally. If is a smooth function then WFCXD (7_ WFXD and if is
not zero anywhere on OD, then these sets are equal [11], [24, Lemma 13.3, p. 279].
As defined, WFf is a closed subset of ]Rn (JR’ \ 0) that is conic in the second
variable. The Sobolev space analogue to the concept of microlocal smoothness is as.
follows (see [24, p. 259]).
DEFINITION 2.2. A distribution f is in the Sobolev space H microlocally .near
(x0, 0) if and only if there is a cut-off function
:D(]Rn) with (x0) 0 and function
n 0 and with
]R
of
zero
smooth
and
on
homogeneous
degree
u()
u(0) 0 such that
\

(1 +

First, one localizes near x0 by multiplying f by and then one takes Fourier
transform. Finally, one microlocalizes near 0 by forming uJZf and see if this is in
It follows from the.definition that, if (x0,0) WF/, then for all s, f is
Jz(U(.Rn)).
U s near (x0, 0).
Wavefront set and microlocal smoothness are usually defined on T*(Rn) \ O, the
cotangent space of ]Rn with its zero section removed, because such a definition can be
extended invariantly to manifolds using local coordinates. For the manifold [0, 27r] x
choosing a function (0,p) with sufficiently small support allows one to use 0 and p

We will use these conventions.
3. The X-ray transform in the plane. In R2 the microlocal analysis of the
X-ray transform is easier to describe if one uses parallel-beam geometry rather than
fan-beam geometry. By rebinning--a coordinate change---the results are the same
as local coordinates.

as for fan-beam data for functions supported inside the circle of sources. First, let
denote the standard inner product on JR2; let be the induced norm. Let 0 [0, 27r],
and let p e R. Let 0 (cos/9, sin/9) and +/- (-sin 0, cos0). Now let g(O, p)
]R21x 0 p}, the line with normal vector 0 and directed distance p from the origin.
The points (0,p) and ( + 7r,-p) parameterize the same line g(O,p). Let ds be arc
length, the measure on g(0, p) induced from Lebesgue measure on R2. The classical
X-ray transform in the plane is defined for an integrable function f on ]l2 by

II

(3.1)

Rf(O,p)

f

f(y)ds.
ce(O,p)

Rf(O,p) is the integral of f over the line e(O,p).
In order to describe the main theorem, we will consider wavefront sets as subsets
of cotangent spaces. To this end, let x0
R2. If y (y, y2) ]2, then we let
ydx ydx + y2d2 .be the cotangent vector corresponding to y in T$o]R2. Now let
(Oo,po) e [0,2r] JR. Here we will identify [0,2r] with the unit circle by equating
zero with 27r. Then for (0, p) e [0, 2r] R, we let dO and dp be the standard basis of
T*(O,p) ([0, 27r] R). The theorem follows.
THEOrtEM 3.1. Let f E’(2). If (z;) e T*(’) \ O is not conovmal to
e(Oo,po), then wavefront set off at (x;) does not contribute to WFRf above (Oo,po).
Let xo e.(Oo,po) and let r/o dp- (xo. 0ff)d0. Let a # O. The correspondence
between WFf and WFRf is:

(xo; aod) WFf if and only if (0o,po; at/o) WFRf.
Given (0o,po; ano), (:co; aOodz) is uniquely determined by (3.2). Moreover, f H s
H+i/2 is microlocally near
is microlocally near (xo;aoda:) if and only if Rf
(Oo, Po; arlo).

(3.2)

Theorem. 3.1 provides an exact correspondence between singularities of f and
those of Rf. Moreover, it states that the singularities of Rf that are detected are
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of Sobolev order 1/2 smoother than the corresponding singularities of f. For typical
singularities of f (jump singularities in H1/2-e) one can realistically expect the corresponding singularities of Rf not to be masked by noise. Reconstructions given in
Figs. 1 and 2 will corroborate this.
The theorem has this simple corollary:

(3.3)
The X-ray transform data Rf for (, p) arbitrarily near (t?0, p0) detects
singularities of f perpendicular to the line t?(Oo,po) but not in other directions.
This follows because of the correspondence (3.2)" Rf(O, p) is smooth near (0, p0) (no
wavefront set near this point) if and only if there is no wavefront set of f at points on
t(t?o,p0) conormal to the line.
As an example, let D be a compact set with smooth boundary and let f
where
is a smooth function that is not zero anywhere on cOD. Then, by (3.3),
Rf(O,p) is smooth near (80,p0) if and only if (0,p0) is not tangent to cOD. If OD
is not smooth then more wavefront directions will appear at points where OD is not
smooth. Remark 3.2 gives a more general observation with practical implications.
Remark 3.2. The correspondence (3.2) gives a way to find WFf from knowing
WFRf. Given (O0,p0; argo) E WFRf, the rule (3.2) determines (x0; a00dx) uniquely.
This method to find singularities of f is easiest to describe in the case f is C except for
jump singularities on a collection, E, of C curves. In this case, almost all singularities
of f are in H/2- (so corresponding singularities of Rf are in H -) for e > 0 but
not for e 0. One can take a local (discrete) Fourier transform of Rf in (O,p) and
find the directions in which the localized transform is not in ’H 1. Perhaps this
can be efficiently done just by calculating local fast Fourier transforms and looking for
directions in which they do not decrease quickly. Then the rule (3.2) gives the covectors
(xo; a0dx) at which f is not H/2. These covectors specify the jump singularities of
f, that is the location of E (and 0 even gives the normal to E at x0). This method
also filters out noise that is H or smoother.
This method can be used for limited data problems: the method is local in the
strong sense that singularities of Rf at (O0,p0) (and therefore the corresponding singularities of f on (00,P0)) are determined by data Rf(O,p) for (O,p) near (Oo,po).
This method is being pursued.
Proof of Theorem 3.1. The microlocal correspondence between WFf and WFRf
is in the literature (e.g., [8], [25]), but since it is especially straightforward in this case,
it will be given here. First, note that the Schwartz kernel of. the operator R is the
distribution on R2 ([0, 2r] R) that is integration with respect to the weight dxdO
over the set Z ((x, O,p)lx.O p}. This is a special type of distribution and in [10] it
is shown to be a Fourier integral distribution associated with the Lagrangian manifold
F N*Z \ 0 where N*Z is the conormal bundle of Z in T*(R2 ([0, 2r] R)). As
shown in [8] (see also [25]
details), because the measure of integration dxdO is
nowhere zero and the projection from F to T*([0, 2r] R) \ 0 is a injective immersion,
R is elliptic with elliptic inverse that composes well with R. To understand what R
does to wavefront sets, one must calculate the set F. Z is defined by the equation
x 0 p 0 and so its differential, 0dx + x. 0+/-d0 -dp, is a basis of N* Z at each

point. Therefore,

(3.4)

F

{ (x,

,

p; a(dx + x. O+/-d9

,

dp))l (x, p) e Z,

a

0}.

By the calculus of elliptic Fourier integral operators, there is a simple correspondence
between WFf and WFRf: (x; ) WFf if and only if there is a (, p; ?) WFRf
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(x, 0, p; ,-r/) e r [31]. Using (3.4) we see this correspondence is exactly (3.2).
Furthermore this correspondence coming from (3.4) shows that if (x; ) is not conormal to g(Oo,po), then wavefront set of f at (x; ) does not contribute to WFRf above
(Oo,po). To see that (3.2) uniquely determines (x0; 00dx), first note that a is determined by the dp coordinate of at/0. Then as a 0, x0.0- is determined by the dO
coordinate of a/0, and finally x0 00 p determines x0.
The assertion about H 8 will be given because, although it is straightforward, it
is not in the elementary literature. We prove one direction and leave the other to the
reader. Let Rf be in HB+I/2 near (00,p0; at/0). Then, by Theorem 6.1 [24, p. 259],
Rf u + us where u E H +/2 H s+/2 f3 ’, us ’, and (00,p0; at/0) WFu2.
Because R is a Fourier integral operator continuous of order 1/2 [8] and u e H +/2,
R-u e HI)c(]R2 [31]. R is a Fourier integral operator associated to F (with
R2 and [0, 2r] R coordinates reversed) and so the "inverse" relation to (3.2) holds
for R -1. Therefore, as (Oo,po;awo) WFu2, (x0;aO0dx) Wf(R-u2). Therefore,
f R-u + R-u2 is the sum of a.distribution in Hl)c and one that is smooth
near (x0; aOodx). Therefore, by Theorem 6.1 [24, p. 259], f is microlocally H s near
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- -

(x0; aOodx).
We now apply Theorem 3.1 and (3.3) to three common types of limited data
tomography in the plane.
Example 3.3. Limited angle tomography. Let U c [0, 2r] be open, U U + r
mod 2r. In limited angle tomography, one knows data Rf(O, p) for all p and for 0 U.
One can reconstruct f(x) for all x R2 from limited angle data [21]. However, by
(3.3), the only singularities of f that one can detect in a stable way are those with
directions in U. To see this, choose x E R2 and 0 U. Any wavefront of f at (x; 0dx)
is detected by limited angle data because the line g(O, x. O) is in this data set. For the
same reason, wavefront of f at (x; 0dx) for 0 U will not be stably detected by this
limited angle data.
This phenomenon is illustrated by the singular functions in [14]. Those corresponding to large singular values (easy to reconstruct) oscillate generally in directions
in U and those corresponding to small singular values (hard to reconstruct) oscillate
generally in directions outsi.de of U. This is also seen in the actual reconstructions
from limited angle tomography.
Example 3.4. The interior problem. Let M > 1 and assume supp f C {x
<_ M}. In this problem, one has data Rf(O,p) for all 0 but only for IPl < 1.
The goal is to reconstruct f(x) for Ix[ < 1. Simple examples show this is impossible
in general. However, according to (3.3), one can detect all singularities of f in Ix < 1.
To see this, choose a point x inside the unit disk and choose a direction 0 [0, 2r].
Then the line through x and normal to 0 is in the data set for interior tomography
and so any singularity of f at (x; 0dx) is detected by interior data.
Lambda tomographic reconstructions are local--they use data Rf(O,p) only for
lines g(O, p) near x to reconstruct at x. So Lambda tomography is useful for the interior
problem. In fact, Lambda tomographic reconstructions for the interior problem clearly
show the singularities of f in the unit disk [5]. Maass [18] has developed a singular
value decomposition for this problem. See also [16].
_< M}. Here
Example 3.5. The exterior problem. Assume supp f C {x e
one has data Rf(O,p) for all 0 but only for IPl > 1. By [3] one can reconstruct f(x)
for ix > 1. Let Ixl > 1 and 0 e [0, 2r]. Then the only singularities of f at x that are
reconstructed in a stable manner are those for 0 with g(O, x. O) in the data set that

R211x

ll211x
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is, for Ix. 01 > 1. Other singularities of f are not stably detected. This can be seen
from the reconstructions in Figs. 1 and 2.
Lewitt and Bates [13], Louis [15], and Natterer [20] have developed good reconstruction algorithms that use exterior data. The author has developed an exterior
reconstruction algorithm which employs Perry’s singular value decomposition [23] and
a priori information about the shape of the object to be reconstructed. Reconstructions for "medical" phantoms are in [26] and those for industrial phantoms are in
[27], [28]. Exactly those singularities that are supposed to be stably reconstructed
are clearly defined. In the author’s algorithm, singularities that are not "visible" are
smeared; reconstructions will now be given.
Figure 1 shows an object with outer radius M 1.5 on a rectangular grid. The
two bigger circles have density 1.5 and the two smaller 1.375. The annulus has density
one. The reconstruction in Fig. l b is gotten using the author’s algorithm with noiseless
data. The reconstruction in Fig. lc is from the same algorithm but using data with
slightly less than 1% L noise. Data are taken over lines using 100 values of p and
256 of 0 [26]. In both reconstructions, the principle (3.3) is illustrated. However,
the reconstruction with noise, Fig. lc, shows some algorithm limitations as well (and
reminds one that algorithm limitations independent of the principle can be important).
The slightly darker areas in the background in Fig. lc are the result of amplified high
polar Fourier coefficients due to the noisy data.

FIG. la. Rectangular coordinate display of the phantom [26] (similar to the phantom in

[20]).
Figure 2 shows polar coordinate displays for x
(r, ) with e [zr/8, 3zr/8] on
the horizontal axis and r E [1, 1.10] on the vertical axis (r- 1.10 at the bottom) [28].
To provide sufficiently fine radial resolution, the scale in r is magnified by a factor
of 7.85. The phantom in Fig. 2 is supposed to represent a rocket motor with fuel
of density 1.7 inside the circle of radius r 1.052, an insulator of density 1.1 from

1221
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FIG. lb. Rectangular coordinate display
phantom in Fig. la [26].

of the reconstruction without noise of the

FIG. lc. Rectangular coordinate display
phantom in Fig. la [26].

of the

reconstruction with noise

of the
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1.052 < r < 1.056, and a shell of density 1.5 and outer radius r 1.093. The defect
rests against the inside boundary of the insulator and extends for 0.06 radians and is
0.0014 units thick (it is seen tangentially by only three detectors). It is centered at r/4
radians and has density zero, The reconstruction is done with 1% multiplicative L
noise. Data are collected in a fan beam with 200 rays from p 1.0 to p 1.10 that
emanate from the source in evenly spaced angles. The source and fan beam rotate
around the object in 512 equally spaced angles.

FIc. 2. Polar coordinate display of rocket motor (phantom left, reconstruction
with noise right) [28]. The "wedge" near r 1.10 (at the bottom of the display) occurs
because the center of the rocket is offset slightly from the center of the coordinate system.

Because some wavefront directions are not stably detectable by limited angle data
or by exterior data, inversion for these problems is highly ill-posed (see the example
in [6] and the inverse discontinuity result in L 2 of [19]).
Reconstructions in Figs. 1 and 2 illustrate the principle (3.3). In the reconstruction in Fig. 1, the "sides" of the circles are blurred (corresponding to singularities
normal to lines not in the data set), but the "inside" and "outside" boundaries of the
circles are well reconstructed. This occurs despite the fact that only a few lines in the
data set are tangent to the inside boundaries. The reconstructions of Fig. 2 are good
(even though the problem is, in general, highly ill-posed) because all singularities are
perpendicular to lines in the data set. This is true, even though the defect is very thin
and short in extent.
4. The X-ray transform with sources on a curve in R3. The standard
parameterization will be used for the.divergent beam transform in R3. Let w E S 2
and x E ]l3, then the ray r(w, x) (x + twit >_ 0} is the ray parallel to w and starting
at x. The divergent beam transform of f Cc(R3) is

(4.1)

Df(w,x)

o

f(x + tw)dt,
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the integral of f over the ray r(w,x). Typically, the sources for the divergent beam
transform are points on a smooth closed curve % The divergent beam transform is
defined for f e L(R3 \ 7) L1 functions of compact support in R3 \ 7) [9] (and even

continuous on :,(R3 \ ), [7]).
Inversion of the divergent beam transform is a limited data problem because data
are given only over rays with sources on % Moreover, typically, X-rays are taken
only over an open connected set, t, of rays with sources on In general, as long as
some ray in the data set is disjoint from supp f, then the part of f seen by the data
(that is, supp f f t-Je is uniquely determined (see [9] and the generalization [2,
Thin. 2:2]). Our theorem for the X-ray transform is as follows.
THEOREM 4.1. Let / be a smooth curve in R3 and f E ,(3\/). Let xo supp f
and e T$o(R3) \ 0. Then any wavefront set of f at (x0; 0) is stably detected from
data D] with sources on / i] and only i]

.

])

o

,

the plane 7

through xo conormal to o, intersects / transversally.

If data are taken over an open set of rays with sources on
to xo must be in the data set for (4.2) to apply. In these cases, f is in H microlocally
near (x0; 0) if and only if the corresponding singularity of D f is in Hs+I/2.
8

The exact correspondence of singularities analogous to (3.2) can be obtained from
the microlocal diagram (3.1.1) and the proof of Proposition 3.1.1 of [2]. Theorem 4.1
follows from [7] as well.
The global version of condition (4.2)--every plane meeting supp f intersects
transversally--is called the Kirillov-Tuy condition. This condition is required for the
inversion methods of girillov [12l and Tuy [32]. Under this condition, Finch [61 proves
that f H if Df H+I/2 for s _> 1/2 (and our theorem implies this fact for all s).
Typically, X-ray sources are placed on a circle surrounding the object to be reconstructed. Theorem 4.1 shows the singularities that are not detected by such data:
singularities (x0; 0) conormal to planes 7 not meeting the circle transversally. There
are many such singularities--the more undetected singularities, the farther x0 is from
the plane of C. Finch [6] and others have noted that inversion with sources on one
circle, C, is highly unstable. By analyzing the singular values, Maass shows that
inversion is more stable for nonplanar curves such as two parallel circles or curves
oscillating on a cylinder [17]. Condition (4.2) is another way to understand why inversion of data with sources on such nonplanar curves is better posed than for sources
on one circle--in general, if the curve is nonplanar, more singularities can be detected
stably from the given data.
Proof of Theorem 4.1. The microlocal assertion of Theorem 4.1 is a paraphrase
of the comment about "type II complexes" below the statement of Proposition 3.1.1
of [2]. That comment is equivalent to the fact that if x0 e (w, y) for some y e and
0 is conormal to w then WFf at (x0; 0) is detected by divergent beam data unless
0 is conormal to at y. This is equivalent to condition (4.2). The statement about
microlocal Sobolev spaces is valid because D is an elliptic Fourier integral operator of
order -1/2 and so, if a singularity of f is detected by data Dr, then the singularity of
D f is 1/2 order smoother than the corresponding singularity of f. This can be proven
just as the analogous statement in Theorem 3.1 is proven.
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