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Prison-Based Gerrymandering

• “the practice of counting inmates at their prison address when apportioning 
populations and drawing electoral districts”



Impact of Prison-Based Gerrymandering

• inflates the population in districts that contain prisoners

• diminishes the population in the districts from which prisoners come



Violations:

Section Two of the Voting 
Rights Act, the principle 
of “one-person-one vote

Equal Protection clause of 
the 14 th Amendment.



Sources of Prison-Based Gerrymandering

• Legislation
• Local practices 
• Court decisions



Prison-Based 
Gerrymandering 

across states



Shifting Context: Georgia and the Census

County of 
Origin

1. Fulton County(2,160 inmates) 12.3% of total inmate population

2. Dekalb County (1,157 inmates) 6.50% of total inmate population
3. Cobb County (1,075 inmates) 6.04% of total inmate population

** 2,401 unreported counties of origin



Locating the Representational 
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INTRO

Republicans often receive approximately 1/3 of the two way vote share in Massachusetts.

There has not been a single Massachusetts Republican in the U.S. House of Reps. Since 1994.

Is this a Democratic gerrymander?



CLAIM

No, it is not.

It is an artifact of the mathematical structure and distribution 

of Republicans in Massachusetts that leads to consistent 

Republican underperformance in proportional seat share.



NUMERIC FEASIBILITY

We found the maximum number of Republican seats when building districts out of 

towns and precincts. 

No spatial constraints.

Suppose ideal district size is I.  Numerically feasible to win k seats if there exists a 

collection of units (towns or precincts) of at least kI in which that party has a majority 

two-way vote share.  Feasibility bound is largest such k where this majority exists.  

Infeasibility bound is smallest k where majority does not exist.

“Greedy Algorithm”: creates largest R-majority collection of units by ordering them 

by maximum “Republican margin per capita” (shown below) and builds from this list.





THE ROLE OF VARIANCE

Low variance

Lower upper bound on feasibility in 

comparison to proportional seat share 



GEOMETRY: LACK OF REPUBLICAN

ENCLAVES



GEOMETRY: CONNECTEDNESS

How does level of segregation affects representation?

Changing Cluster Energy: 

Observed Republican clustering scores are very close 

to uniformly clustered, as seen in lack  of enclaves

This is directly related to variance: 

low variance→ all units similar→ no spatial pattern

Perfectly uniform: H = ½, Perfectly clustered: H = 1



SO WHAT?

“…it is only legitimate 

to compare an observed 

partisan outcome

against the backdrop of 

actual possibility.”

“Generally, counterintuitive limitations on 
representation can emerge from a complicated 
interplay of the numerical and spatial distribution 
of voter preferences; in the case of Massachusetts, 
the numerical distribution is so uniform that it 
makes the spatiality insignificant… Uniformity 

itself can block desired representational outcomes 

for a group in the numerical minority (like 

Republicans in Massachusetts)…”
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Transit Time Compactness - Idea

• Current compact measures measure cohesiveness land.

• We seek to measure the cohesiveness of the people.
• Water and mountains separate people who are

geographically close.

• Roads and public transportation connect people who are

geographically far.

• Metric: average transit time between citizens
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Transit Time Compactness - Definition

• Get centers ~xi and populations Pi of all VTDs in a district

• Submit centers in pairs to Google Maps API

• Ti j = time of fastest transit mode from ~xi to ~x j

• Weight by populations. Compute average.

• Ctransit =
1

P2
tot

Â
i, j

Ti jPiPj

• Rewards skinny districts following transit routes

• Punishes districts cut by water/mountains without

crossings
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Proof of Concept

North Carolina 1st North Carolina 4th

Ctransit : 77.15% difference

C
Polsby-Popper

: 16.5% difference

4000 VTD pairs
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Today

• We received a Google grant that will pay for the necessary

volume of API calls.

⇤ Cannot cache Google Data

⇤ Lost grant had to delete all stored data

• Good news! Currently working on creating a GIS database

on transit time using ESRI data sets.

⇤ Will allow us to wrap an API around the data set and

test our model.

• Work on transit time compactness will restart very soon!
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Section 1

History
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Once upon a time . . .
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Terminology

Notations
G = (V ,E) Undirected contiguity graph
n := |V | Number of land parcels
k Number of districts
pv Population of land parcel v

di j Distance between (centroids of) parcels i and j

wi j := pi d2

i j Cost of assigning land parcel i to land parcel j

L Minimum population allowed in a district
U Maximum population allowed in a district
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Figure 3: A good choice (left) and a bad choice (right) for the roots.

1p1 = 1

2

p2 = 2

3 p3 = 1

4

p4 = 1

5

p5 = 1

A feasible redistricting plan on graph G with n = 5, k = 2, and L = U = 3.
Here, d35 = 2 and w35 = 2.

3
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Hess formulation

xi j =
Ω

1 if vertex i is assigned to (the district centered at) vertex j
0 otherwise.

min

X

i2V

X

j2V
wi j xi j (1a)

X

j2V
xi j = 1 8i 2V (1b)

X

j2V
x j j = k (1c)

Lx j j ∑
X

i2V
pi xi j ∑Ux j j 8 j 2V (1d)

xi j ∑ x j j 8i , j 2V (1e)

xi j 2 {0,1} 8i , j 2V . (1f)

HESS :=
©

x 2Rn£n
+

ØØ x satisfies constraints (1b), (1c), (1d), (1e)
™

.
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Hess formulation

1p1 = 1
x11 = 1

2

p2 = 2
x22 = 1

3 p3 = 1
x31 = 1

4

p4 = 1
x41 = 1

5

p5 = 1
x52 = 1

A feasible solution for HESS with k = 2, and L = U = 3.

1p1 = 1
x11 = 1

2

p2 = 2
x21 = 1

3 p3 = 1
x33 = 1

4

p4 = 1
x43 = 1

5

p5 = 1
x53 = 1

f1
12

f3
34

f3
45

SHIR formulation

1p1 = 1
x11 = 1

2

p2 = 2
x21 = 1

3 p3 = 1
x33 = 1

4

p4 = 1
x43 = 1

5

p5 = 1
x53 = 1

C

CUT formulation

4
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Section 2

Contiguity models
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Shirabe’s formulation

f v
i j = the amount of flow, originating at district center v , that is sent across edge (i , j ).

x 2 HESS (2a)

f j
(±°(i ))° f j

(±+(i )) = xi j 8i 2V \ { j }, 8 j 2V (2b)

f j
(±°(i )) ∑ (n °1)xi j 8i 2V \ { j }, 8 j 2V (2c)

f j
(±°( j )) = 0 8 j 2V (2d)

f v
i j ∏ 0 8(i , j ) 2 A, 8v 2V. (2e)

SHIR :=
©
(x, f ) 2Rn£n £R2mn ØØ (x, f ) satisfies constraints (2a)° (2e)

™
.
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Shirabe’s formulation

1 2

3
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Figure 3: A good choice (left) and a bad choice (right) for the roots.

1p1 = 1
x11 = 1

2

p2 = 2
x21 = 1

3 p3 = 1
x33 = 1

4

p4 = 1
x43 = 1

5

p5 = 1
x53 = 1

f1
12

f3
34

f3
45

SHIR formulation

3
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MCF formulation

f ab
i j =

Ω
1 if edge (i , j ) 2 A is on the path to vertex a from its district’s center b
0 otherwise.

x 2 HESS (3a)

f ab
(±+(b))° f ab

(±°(b)) = xab 8a 2V \ {b}, 8b 2V (3b)

f ab
(±+(i ))° f ab

(±°(i )) = 0 8i 2V \ {a,b}, 8a 2V \ {b}, 8b 2V (3c)

f ab
(±°(b)) = 0 8a 2V \ {b}, 8b 2V (3d)

f ab
(±°( j )) ∑ x j b 8 j 2V \ {b}, 8a 2V \ {b}, 8b 2V (3e)

f ab
i j ∏ 0 8(i , j ) 2 A, 8a 2V \ {b}, 8b 2V . (3f)

MCF :=
©
(x, f ) 2Rn£n £R2mn(n°1))

ØØ (x, f ) satisfies constraints (3a)° (3f)
™

.
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MCF formulation

1p1 = 1
x11 = 1

2

p2 = 2
x21 = 1

3 p3 = 1
x33 = 1

4

p4 = 1
x43 = 1

5

p5 = 1
x53 = 1

C

CUT formulation

1p1 = 1
x11 = 1

2

p2 = 2
x21 = 1

3 p3 = 1
x33 = 1

4

p4 = 1
x43 = 1

5

p5 = 1
x53 = 1

C �

LCUT formulation

1p1 = 1
x11 = 1

2

p2 = 2
x21 = 1

3 p3 = 1
x33 = 1

4

p4 = 1
x43 = 1

5

p5 = 1
x53 = 1

f21
12

f43
34

f53
34

f53
45

MCF formulation

4
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CUT formulation

Definition (a,b-separator)
A subset C µV \ {a,b} of vertices is called an a,b-separator for G = (V ,E) if

there is no a,b-path in G °C .
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Figure 3: A good choice (left) and a bad choice (right) for the roots.

1

2

3

45
C

Here, C = {2, 4} is a 3, 5-separator.

3
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CUT formulation

x 2 HESS (4a)

xab ∑
X

c2C
xcb 8(a,b,C ). (4b)
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CUT formulation

x 2 HESS (4a)

xab ∑
X

c2C
xcb 8(a,b,C ). (4b)

1p1 = 1
x11 = 1

2

p2 = 2
x21 = 1

3 p3 = 1
x33 = 1

4

p4 = 1
x43 = 1

5

p5 = 1
x53 = 1

C

CUT formulation

1p1 = 1
x11 = 1

2

p2 = 2
x21 = 1

3 p3 = 1
x33 = 1

4

p4 = 1
x43 = 1

5

p5 = 1
x53 = 1

C �

LCUT formulation

1p1 = 1
x11 = 1

2

p2 = 2
x21 = 1

3 p3 = 1
x33 = 1

4

p4 = 1
x43 = 1

5

p5 = 1
x53 = 1

f21
12

f43
34

f53
34

f53
45

MCF formulation

4
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Find a violated cut!

1p1 = 1
x11 = 1

2

p2 = 2
x22 = 1

3 p3 = 1
x31 = 1

4

p4 = 1
x41 = 1

5

p5 = 1
x52 = 1

A feasible solution for HESS with k = 2, and L = U = 3.

1p1 = 1
x11 = 1

2

p2 = 2
x21 = 1

3 p3 = 1
x33 = 1

4

p4 = 1
x43 = 1

5

p5 = 1
x53 = 1

f1
12

f3
34

f3
45

SHIR formulation

1p1 = 1
x11 = 1

2

p2 = 2
x21 = 1

3 p3 = 1
x33 = 1

4

p4 = 1
x43 = 1

5

p5 = 1
x53 = 1

C

CUT formulation

4
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LCUT formulation

Definition (length-U a,b-separator)
A subset C 0 µV \ {a,b} of vertices is called a length-U a,b-separator in

G = (V ,E), with respect to vertex weights p, if distG°C 0,p (a,b) >U .

1p1 = 1
x11 = 1

2

p2 = 2
x21 = 1

3 p3 = 1
x33 = 1

4

p4 = 1
x43 = 1

5

p5 = 1
x53 = 1

C �

LCUT formulation

1p1 = 1

2

p2 = 2

3 p3 = 1

4

p4 = 1

5

p5 = 1

C �

Here, C� = {4} is a length-3 3, 5-separator.
Note that distG�C�,p(3, 5) = 5 > 3.

1p1 = 1
x11 = 1

2

p2 = 2
x21 = 1

3 p3 = 1
x33 = 1

4

p4 = 1
x43 = 1

5

p5 = 1
x53 = 1

f21
12

f43
34

f53
34

f53
45

MCF formulation

5
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LCUT formulation

x 2 HESS (5a)

xab ∑
X

c2C 0
xcb 8(a,b,C 0

). (5b)

1p1 = 1
x11 = 1

2

p2 = 2
x21 = 1

3 p3 = 1
x33 = 1
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p4 = 1
x43 = 1

5

p5 = 1
x53 = 1

C

CUT formulation

1p1 = 1
x11 = 1

2

p2 = 2
x21 = 1

3 p3 = 1
x33 = 1

4

p4 = 1
x43 = 1

5

p5 = 1
x53 = 1

C �

LCUT formulation
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x11 = 1

2

p2 = 2
x21 = 1

3 p3 = 1
x33 = 1

4

p4 = 1
x43 = 1

5

p5 = 1
x53 = 1
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12

f43
34

f53
34

f53
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MCF formulation

4
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Section 3

Computational results
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Computational results at county level
SHIR MCF CUT LCUT

state n k time (sec) time (sec) time (sec) time (sec)
AL 67 7 75.04 867.94 49.88 55.86
AR 75 4 4.60 261.82 3.60 4.21
CO§ 64 7 1.96 354.49 3600.00 0.02
IA 99 4 7.07 crash 2.08 1.84
ID 44 2 0.44 22.03 0.10 0.12
KS 105 4 17.26 crash 6.65 6.02
LA 64 6 13.20 461.30 15.05 16.77
ME 16 2 0.70 3.59 0.75 0.96
MS 82 4 1.35 152.85 0.48 0.53
NE 93 3 7.19 411.04 1.39 1.47
NH§ 10 2 0.13 0.19 0.07 0.06
NM 33 3 0.35 8.41 0.06 0.06
OK 77 5 21.30 326.62 21.92 7.45
OR§ 36 5 0.27 102.43 6.66 0.06
SC 46 7 3600.00 3600.00 3600.00 3600.00
WV 55 3 7.93 202.19 3.22 3.42

§
Instances are infeasible.
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Section 4

What about larger instances?
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Handling larger instances

We can also solve 20 redistricting instances at the census tract level, including
Indiana (n = 1511). To solve these large instances, we use Lagrangian arguments
to safely fix most of the variables to zero (e.g., 96.7% fixed for Indiana).
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Section 5

A redistricting puzzle
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Computational results at county level
SHIR MCF CUT LCUT

state n k time (sec) time (sec) time (sec) time (sec)
AL 67 7 75.04 867.94 49.88 55.86
AR 75 4 4.60 261.82 3.60 4.21
CO§ 64 7 1.96 354.49 3600.00 0.02
IA 99 4 7.07 crash 2.08 1.84
ID 44 2 0.44 22.03 0.10 0.12
KS 105 4 17.26 crash 6.65 6.02
LA 64 6 13.20 461.30 15.05 16.77
ME 16 2 0.70 3.59 0.75 0.96
MS 82 4 1.35 152.85 0.48 0.53
NE 93 3 7.19 411.04 1.39 1.47
NH§ 10 2 0.13 0.19 0.07 0.06
NM 33 3 0.35 8.41 0.06 0.06
OK 77 5 21.30 326.62 21.92 7.45
OR§ 36 5 0.27 102.43 6.66 0.06
SC? 46 7 3600.00 3600.00 3600.00 3600.00
WV 55 3 7.93 202.19 3.22 3.42

§
Instances are infeasible.

?
Win $20 by finding a feasible solution or proving infeasibility; see Hamid for printed handout.
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A winner from #mip2019 at MIT!
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