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3

bnd gerivative of Pw(t) with respect to time we can work as

Fquation (4.10) by differentiaticn yields

y=58 -1L %g y = (B+16())V ;

»e

3; <0, ¥ is negative. For the optimal reservation rrice curve

5 - . . - . - _ - 1 - 2 < -
._9), by differentiating we obtain ¥y = -u'PW + 1 (PW) . Hence:
; B u"(éw)2
. (&.32)

0) or risk-neutral (u" = 0), -ﬁw is positive. The individval's
;tion price increases at an increasing rate. If, on the cther
,g prospective buyer is risk—aversé (u" < 0), the sign of fw
:us_!"q be determined in general.

particular forms of the utility function more apecific results
£ obtained. For example, if we assume a utility function of the
U= p(t) (W—P)u, where u is a constant less than one, it can be
—:‘e.‘s} that i;w is negative in the neighborhood of t =T and it may
3 sign during search. Whether or not the second derivative of PW

spect to time changes sign during search also depends upon the

lorizon of search.

-""e the relationship between reservation price (and hence expected
ty from the transaction) and dispersion characteristics of the
 Price distribution. .Le't us consider two distributions :E‘l and
With the same mean and different dispersion characteristics. Dis-
«

A:.h—':-«* .
tlon fE is exhititing higher concentraticn around the mean than

.:_?he monctone trensformation u = u(W~-F) allows us to obtain the

&
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1tion functions fu and fu that correspond to the
1 2

_distribl
'rice distribution functions fl and f2. In general, fu

il
may not have the same dispersion relationship to each other

vl f2, In the particular case of risk-neutral individuals,
ussion in section 3.3 applies. Therefore, the expected utility
Wfsearch process is lower with greater concentration around the
iHEnce the optimal reservation price is higher in the case of
,ﬁﬁ_concentration of sellers' asking prices around the mean than
aﬁ{case of lower concentration. This result suggests that buyers
?Abetter off by following a "naive" search rule rather than an

;fg.stopping rule in the case of low dispersion of asking prices.

gﬁft of the asking price distribution and reservation price. We

examine the effect upon the reservation price curve of an upward

n the distritution of asking prices by using the results obtained
ection 3.3. Since u(W-P) is a decreasing function of P, an
iﬁ;shift in the distribution of asking prices, £, will translate
aﬁuﬂmmrd shift in the utility distribution, fu' The latter will

in

14 a lower expected utility from the process, y(t). Finally, the

reservation price will be higher at all times except t = T.

falue of a housing unit to a buyer and reservation price. The
SOt o housing unit to a buyer, W, was defined earlier in this
€T as the maximum net benefits from owning and occupying the unit,

® Ol maintenance costs and taxes, plus its value at the termination

nership, all discounted to the time when ownership begins., W
among different individuals because of such factors as
*eIces in preferences, income, cost of the technology of main-

24 ‘F*-f';:@ sale 1 o . . a L : .
3 value of a unit at the termination of ownership, taxes,
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%Iﬁ is thus interesting to predict effects that differences in

ht have upon +he optimal reservaticn price.

1et uS concider the case of a small increase in W. This will

jan upward shift in the utility distribution, fu, which will

: a higher expected utility from the process, y(t). Unfortunately,
ection of the change in Pw(t) cannot he predictad.

S 1 oy
P = (R = i T =
e = (1 -5 uq)aﬁ . (4:13)

put the sign of the term in parentheses on the right-hand side

13) cannot be cbtained.

ers? Use of Informaticnal Intermediaries and Search Ccsts

;ﬁs in our discussion of a seller's decision problem, we shall

;t ourselves to the simple case of a buyer participating in a

ic quality submarket under price competition and finite time-

n of search. A buyer can vary the rate at which he makes contacts
’:Tellers by searching the market on his own and/or naking use of
tional intermediaries (real estate brokers, advertising, housing
unity centers, etec.). Again, we shall restrict ourselves to

_hal search. With a finite time-horizon of search and because it
RES time to generate and make contacts, there is an upper bound upon
pected number of contacts, q, that a buyer can make from time

to time ¢ = T. 7In order to draw a two-dimensional diagram, we
UMp all inputs to activities for identifying vacancies and gener-
'€ contacts into a single variable, i. We will not go into a

m"

APtion of how such s information production function is generated,

¥

€ should note that the nuwber of wscancies enters as a parameter
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=}Iwoduction function. Tor different values of V, we obtain a
p -
=ﬂ0£ production functions. ILet us assume that the family is of

In as in Fig. 4.2

/V"n VAR A

Fig. 4.2

’:d._;";_i jces for the various inputs that are lumped intc 1, one can
bain the efficient combinations and, thus, the minimum cost for

ng any given level of expected number of contacts. As a result

dc dec

, marginal cost, g-g—, is an increasing function of gq.

buyer is assumed to chcose dq, given q = LT,- where 1 is the
" of the process of contacts eand T is the given time-horizcn
sea ch, Sinee T is fived, I 1is what is implicitly chosen. Since
uUe of the transaction at t = O, when an optimal policy is

Owed, depends upon L, the optimal I* is the one that maximizes
tility form of the trenszction, after having accounted for search

Furthermore , fixed trancaction costs would not alter the

S; While they would affect the participation decision., Transaction

——
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ot gepend upon the transacticn price can be easily incorporated

ting the probability distribution function of asking prices.
s of a consumer’s search. An alternative appreach would have
. 4o assume that they depend upon the actual duration of search.

our behavioral model for a buyer, the discount factor o(t)

sumed 1o reflect psychic costs of search. The search costs we
argument of the utility function. It was shown earlier than

lue of the search process. However, if search costs for ensuring
3 :i:reased iﬁtensity are subtracted from the net economic surplus

lue of the search process decreases. Therefore, intuitively,

ere is a trade-cff. We will now proceed to extend the behavioral

for a buyer in order to include search costs.

a (constant) intensity of the process of contacts, £(t) = 1,
Bt

md an exponential discount factor, o(t) - e » let us consider the

oblem of maximizing Vo
-ET .. ' %
¥, = E{e" ™ u(w - c(zT) - P)} , (4.15)

respect to L. T and P are, respectively, the time when the

ction takes place and the price at whick it is carried out. For

J -
o} dy B
d w5 -T" (4.16)

in the denominator of the integrand above, is

i0Ce the function o
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stribution function of wtilities, fu’

I‘.ined in terms of the di

'ds wpon L. The distritution function fu is obtained from

ing price distribution by a change of variable according to
=1
cxr) - (v)-

can shcw that a solution to the protlem of maximizing yo with

& g

et to L exists.

‘rheorem k.5, There is a finite intensity of the process of con-
% +that maximizes the expected utilit from the search ocess
L*, 3

‘defined in (k.15) and given implicitly by equ. (4.16).

B &

The proof is based on the boundedness of Vs if 1 dincreases

|on the properties of the cost curve, C(LT).

we exclude search costs, Y, is an increasing but bounded

o of L. This is apparent from equ. 4.11 and Fig. 4.2. The

ser bound is given by u(W). Also, we asserted earlier in this

ction that there is a finite upper bound, q, upon the expected

gmber of contacts, d, 2 buyer can make with sellers. Hence as 4

inds toward q, the cost of ensuring 4 tends asymptotically toward

ty. Therefore, when we include search costs, the expected utility

the search process starts decreasing before Q reaches its upper

Or alternatively, for any asking price, Pa , we can find an

ge enough o make u(W—C(LT}—Pa) negative. Therefore, the

ed utility y_ can also be made negative. Let L be the

est) intenzity of contacts that makes ¥ = 0; ¥, is a contin=-

Hence, according to

.

WS function of I over the interval [0,L].

& lerstrass theorem, Y attains a maximum on [0,L]j. Since ¥,

Positive on [0,T], meximizing L 1s feasible. Q.E.D.

—p—————
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;.e questions of the uniqueness of this solution will not be

:-'.— pere. However, it can be guaranteed by requiring that the

s function be concave.
Fecessary and sufficient conditions for an interior maximizing

"can pe written as follows:

‘. ayo aia‘Yo
E_ = 0, -aLT < C . (h"l?)

entiating (4.16) with respect tc L yields:

oP
1 Byo ryo pdy ryo i oL dy

—— - -
y,) - B, L o -m) ° (19 -®)

0. (k.18)

7o (q>+L§%’)d:f=O

(19 - B.v)2

(4.19)

o)

3o

now skow that R is negative. The distribution of utilities,

3 is obtained from the distribution of asking prices, f(p), through

(Y) = yfu(W)-C(LT) G(y)dy, where G(y) = OIW_C(LT)-u-l(y) f(p)dp .
"‘-“f{". X is negative.

"_‘ﬁnfortunate}y , due to the complexity of the functional forms, we

' t Precisely characterize an interior solution to the problem of
"h:f- an optimal intensity of the process of contacts. If search

i :, are high, compared to tha net consumer surplus an individual

_es from owaing and oceupying a housing unit, the corner solution
%!
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At any rate, the above discussion

may be the optimal ore.

+s that an optimal intensity of the process of contacts exists

1* depends upon the mimber of vacancies, V, that

'%:._, evail in the submarket at equilibrium. ¥For the purposes of our
b cion of submarket equilibrium we shall assert that 1#(V) is an
sing function of V. Unfortunately, the complicated mathematics

extension of the behavioral medel for a huyer preclude us from

g this agsertion. It should be noted, however, +hat the assunp-

earlier about the dependence of the information production

ns made
-pns upon the mumber of vacancies in the market and the properties
the expected utility of the search process, inclusive of search

X

'f.jﬁf suggest strongly that the above assertion is reasonable.

There are many other ways in which search costs cau be 1

+he behavioral model for a buyer. For example, we could explicitly

msider a market for informaticnal services, or we could allow search

pets to vary with the guration of search. We chose this particular

because it is consistent with our gspecification of the infor=
nal structure of the market. Furthermore, as We shall see in the

"’“.". chapter, this model describes well the behavior .of buyers when the

o

wbmarket is at egquilibrium.

Summary and Conclusions

- This chapter has been concerned with behavioral models for buyers

Bder unit and price competition. Buyers were assumed to conduct their

Fh S0 as to maximize a utility index of the von Neumann-Morgenstern

that accounts for psychic cests of search and the net consumer

Hirpl . . 5 "
PIus derived from purchasing 2 housing unit for the buyer®s occupancy.

rcorporated .
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vioral model for a buyer under price competition was thoroughly

5. A puyer's behavior was completely described in terms of a

tion price curve. Necessary and sufficient conditions for

ality were obtained. For the case of an exponential search cost

% constant intensity of the process of contacts, and finite

rch-horizon i+ was shown that the optimal reservation price is an

sing function of time.

discussion in this chapter has emphasized the symmetry between

havioral model for a seller under unit competition and the

toral model for a buyer under price competition. We obtained

of our results by reference to correspending sections in Chapter

#

- gome of the results obtained can be summarized as follows: An
v._n in the search cost coefficient will increase the recervatien

 while an increase in the intensity of contacts will decrease T
longer time-horizon of search and a downward shift of the asking
distribution will cause a downward shift of the optimal reser-

n price curve. For risk-preferring and risk-neutral individuals

s shown that the opfimal reservation price increases at an
nereasing rate. It was also shown that for rigk-neutral individuals
“ IDPtimal reservation price is h;i_gher in the case of greater concen=-
.':.on arcund the mean of the distribution of asking prices.

1 Finally, the model was amended to account for the use of infor-

onal intermediaries and search costs prospective buyers incur in

°r to ensure a certain "stream of contacts" with sellers.
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Chapter Five

QUALITY SUBMARKET EQUILIBRIUM

gntroduction
~ qpe noticn of equilibrium is of great importance in analyses of

¥

+ gynamic

should be remembered,

systems +that arise in the physical and social sciences.

however, that equilibrium is not interesting

b :
jtself; put rather for its usefulness in analyzing complex dynamic

ems guch systems may or May not have intrinsic equilibrium

gperties.

~_As M. Rothschild argues, "models of disequilibrium behavior do not

'.sense and cannot serve as reliable guldes to further theorizing

» to policy unless they meet certain standards of consistency and

'-ence."—-/ Most disegquilibrium models, however, provide for the

gence to an equilibrium which is characterized

lstence of and/cr conver
2 unique price. If, on the other hand, there is reason to believe

that price dispersion persists, for reasons ipherent in the market,

hen a new equilibrium concept is needed.

We shall explore such a concept in this chapter. The theoretical

mments which will be provided here are of a fairly general nature.

ith a few simple modifications they can be applied to markets other

BAD housing markets.
4 In Chapter Three, we examined behavioral models for sellers. It

B8 shown that sellers’ behavior can be described in terms of critical

Iid asking price curves, depending upon the form of market organization.

der the conditions of exponential discount factors, finite time-horizon

thschild {1971), . 5-
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;;ch and constant intensity of the process c¢f contacts, critical
arch,

ing prices decrease over the time sellers stay in the market.

papte

r Four, it wasg shown that buyers® behavior can be described

s of reservation price and willingness to pay curves. Again,
.m;;me three conditions noted above, reservation prices and willing-
;a; payg/ increase over the time buyers stay in the market in

,5} of sellers. Prospective buyers and sellers who are in the market
gﬁ one time have entered the market at di Terent times in the past.
fore at any moment of time, we have a distribution of asking

cal) prices on the supply side of the market and a distribution
Qgervation prices (willingness to pay) on the demand side.

.i goals in this chapter are first to integrate the behavicral
aég_for buyers and sellers into a theory of market equilibrium
'ygiment, next to chargcterize equilibrium for the submarket. We
confine our attention to a price competiticn view of the market

e behavioral models under exponential discount factors and finite
fhi; horizons. The "duality" between unit and price competition
meures that similar results will be obtained if unit competition is
S8umed.,

' The discussion in this chapter will proceed as follows. First, a
sonsistency condition regarding the specification of the informational
12 rture of the market will be examined. Then by holding each side

1€ @arket at stationary equilibrium, we shall obtain differential

.ions describing the short-run dynamics of adjustment on the other

'fﬁfof The market. These adjustment equations will be used to

18 Property of an optimal willingness to pay curve is stated by
e > 2 Since the tehavioral model of buyers under unit competition wus
sloToughly examined.
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. Consistency Condition and the Informational Structure of the

ket
' behavioral models for sellers and buyers were analyzed separ-
i Both depend upon market cenditions and this necessitates our
mining the campatibility of relationships that were separately

for each of the two models. Let us assume for simplicity that
;,,__; ket is organized under price competition, and various factors

e held fixed so that, as we noted earlier, the multigenerational
:jsition of the stocks of prospective buyers and sellers remains

the only source of dispersion.

- Let Xt be the number of all prospective buyers in the market

t éa t. Individuals numbered in Xt entered the market at different
in the past. The reservation prices of these individuals are
faracterized by a distribution function, fy(pjt), that reflects the
'A-‘bemporal adjustment of reservation prices weighed by the relative
ww bution of individuals among generations. Also, let Vt ve the

umoer of all vacant units in the market, or, identically, all sellers
iearch of buyers, at time t. In like nanner, vacancies numbered

o 'f correspond to various generations of sellers. Similarly, the

5**‘?5‘?' ibution of asking prices, fv(p;“b), reflects the intertemporal
Bjustnent of asking prices, weighed by the relative distribution of
€llers among generations.

A basic requirement for_the consistency of the model is that the

Xpe ; : : .
Pected rate at which consumer searchers find and buy housing units,

be equal to the rate, as seen from the supply side, at which



97

qnits are bought, v(t). In the remainder of this section we

ow that the requirement x(t) = v(t) can be reduced to a con-
‘t‘hat involves the intensities of the process of contacts for
s and sellers, 2(t) and z(t) respectively, and the numbers of

'ctive buyers and sellers in the market, Xt and Vt respectively.

- result can be stated as a lemma.

':-:;.,.,,. 5.1. Under the assumptions of price competition and sta-
"ty of the distributions of reservation and asking prices, the

{stency condition x(t) = v(t) is equivalent to
2(8)X" = 2(£)V" . (5.1)

- To derive an expression for x(t), we work as follows: QXt is
ate at which contacts are made. The contribution to x(t) from
fterval [p,p+dp] is .ﬂthX(p)dp multipiied by the probability
-?the asking price of any seller wculd not exceed P, Fv(p) (the

mmulative of fv). Hence:
t fpll'
x(t) = £(8)x" L J7 Fy(p)fy(p)dp - (5.2)
| 1ike manner, we can obtain an expression for v(t):
t p" P
v(t) = z(t)V P,I (1 - B )E,dD - (5.3)

¥ integrating by parts the integral on the right-hand side of (5.3)

8¢ames identical to the one on the right-hand side of (5.2). Hence,

t t

€ consistency condition x(t) = v(t) Tbecomes: 2(t)V = £(t)X". Q.E.D

/

- If we assume that market participants possess perfect information

90Ut market conditions, then equ. (5.1) clearly is a consistency
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wren equ. (5.1) is considered together with submarket
jum conditions, to be obtained later in this chapter, then
stions as 5 condition that suarantees informational equilibrium.

gince different individuals make decisions about their use

formational intermediaries, which effectively determine =z and
their estimates of z and £ have to be compatible in an equilib-
context. Alternatively, equ. (5.1) can be used to define z,

e 1T initiative in search iz ettrabuted to buysrs. That is,

-_tensi'-c-y of the process of contacts that sellers make with pro-

e buyers, which sellers use to calculate their optimal asking
policies, has to be compatible with buyers' expectations.
or the purposes of the discussion in this chapter, initiative
ch will be attributed to buyers. Sellers are 'passive”
. : . t .t
rehers. Hence, assuming stationary V , V. =V, & can be re-
ced by I*(V), which was obtained ir section L L, Furtherrore
assume that I%(V) 4is linear in V. (Some of the impli-
s of relaxing this assumption will be examined later in the

. T, i t .
r.) Thus, if X  is stationary, X = X, z(t) is constant,
dent of time. In sum, we have obtained a condition, involving
“the size and the informational structure of the market, under
i a basic reguirement for the consistency of the model is satisfied.
i
Corzistency condition was also interpreted as an informaticnal

=1 L I - - - -
A1brium condition. Finally an assumption was made regarding the
STHEtionsl structure of the market. Under this assumption, sta-
ty of the number of market participants on one side of the

implies constant intensity of the process of contacts for

ﬁpants on the other.
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=mics of Adjustment and the "21ow-Through"

e gnert-Rint Inn

- . -4 1rn
wilibriw!

rptroduction. As noted by R. Rad_neré/, 5. R. Hicks distinguished

3 f equilibrium: temporary equilibrium in which at a given
+ions of &d 1 s

mand, and equilibrium over time, which he defined

e suUpPly equals de

"e condition that prices realized (on each date) are the same as
o yhich were previously expected to rule at that date." The latter
simply put &s "desired equals actual,” is the cornerstone of

of microeconomic &s well as macroeconcmic equilibrium analysis.

1n our opinion, this notion of eguilibrium is a meaningful and
In P b)

ically useful concept, if it can be associated with some adjust-

ont process, which in turn is intimately related to the structure of

mation flow in the market. Adjustment processes of the tatonnement-

jpe have traditionally been most popular in the economic literature.

e recent literature on the econcmics of uncertainty and equilibrium

nder uncertainty one can find examples of adjustment processes that

-

_essentially not of the tAtonnement-type. We discussed earlier why

T

uch models may not be applicable to housing markets.

~ In this section we chall examine equilibrium for a quality sub-

t under conditions of .price competiticn. Individuals make decisions

'?‘Fﬁ* to participate in the market or not. Once they decide to par-

licipate they set their search policies. Because both prices and

Bntities change in a way too complicated to be analyzed directly,

al]l decompose the problem as follows. We shall first discuss the

fort-run dynamics of adjustment for each side of the market while

Rdner (1973), p. 1.
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her side is held a2t equilibriuxu characterized by a stationary
| distribution and number of market participants. Once we have

ﬁ;ea scme resulis that could illuminate the workings of the

B model, we shall examine an overall equilibrium. The emergence

setributions of reservation and asking prices is explained by the

. that market participants adopt optimal search policies.

_3}rt-Ruﬂ Dynamics of Adjustment and the "Flow-Through" Equilibrium:
mand Side
5nder the assumption that the supply side is held at stationary
ng%rium--that is, the distribution function of asking prices and
:ﬂnuer of sellers in the market are stationary--we shall derive a
a;f differential equations which describe the adjustment over time
'ig numbers of prospective buyers with different reservation prices.
Under price competition, selleré set optimal asking price policies
| buyers search by adopting optimal reservation price policies. A
pgpective buyer enters a particular quality submarket at t = O.
n%ﬁservation price, given a distribution of asking prices, is defined
-iw point in time while he remains in the market. By setting a
nite time-horizon for his search: he leaves the market when he finds
‘ ﬁ{%&ble housing unit or at the end of his time-horizon if he does
ind one. We shall assume that all prospective buyers possess
‘éiét knowledge of the distribution of asking prices.
E or simplicity, let us consider the price range (P',P"), which
Bracterizes the particular quality submarket under examination as

& ai:é? = o 3 - . i - - -3
u;tlng of a finite number of prices p , i = 1l,m. Generality is

ile i . 4
05t by such a discretization because m can be very large. Let

=
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the number of prospective buyers in the marxet at time t, and
-1, ... 5 W the numbers of prospective buyers with reser=-

1 1 . - - 8 3
2on prices equal to p, i=1, ... , m« Clearly, by definition:

4+
1y, let V]f_‘ be the number of vacancies, or sellers, with asking

T
s equal to p . Hence:

- The intensity function of the procesé of contacts that prospective
=s make with sellers, £(t) is constant (independent of time,

L) at equilibrium.l-t/ If we also assume no differential access
hformation, then I is common among all participants on the demand
-‘of the marke®*. Finally, contacts are made continuously and trans-
etions are finalized without any time lag for market adjustment
s-@ﬁ'

'-\:For each of the individuals with reservation prices equal to pi,

e probability that a contact will result in a transaction is equal to:

. . (5.14)

1]

Il
Erge
<:d'| Wq’d-

- With a discretized price range, prospective buyers' optimal reser-
Lon price curves can be interpreted as follows: on the average,

84 n i : : ? ;
Ichers "stay" at p, i=1, ... , m, i.e., keep their reservation

-
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‘ e optimal reservation price curves by discretization (see

Ee 1), For a buyer, from the specification of the process of
T L3

-8

Fig. 5.1

:r under price competition, we obtain the following: the
fability that he will find a suitable housing unit and leave the
parket is equal to Lg; DPer unit of time, the probability that

.: make no contacts during his tenure at the level pl is equal

g. :
*. and the probability that he will make no successful con-

2
g L& Ty m
ets is equal to e . Individuals at level p who do not find

i
auses during Tm leave the submarket. We shall assume that new

rticirants start their search at the lower end of the price range.
# i ;
At a price level pl , on the average and per unit of time,

individuals leave the submarket, having found and bought houses;

N, '
e Lgl :.Xt N . . z : i+l
- 5 individuals adjust their reservation prices to p and

Meave" the price level p~, because they made no effective contacts
Sl sellers during their temure at Pli and == 1
l—

-Lg, .T.
ol

| i=1

®viduals "enter" the price level pi from p ™, baving made no

e
CLS or no effective contacts during their tenure at the price
;"_k pi-l‘

o
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Prospective buyers enter the submarket continucusly over

4+ a rate %. We shall make the important assumption that new

ctive buyers start their search with regservation prices equal

1 tpe lower end of the price range. Having described the "flow"

1O

srospective buyers through the price range, we can now write adjust-

. ; t Lt
,;equations for the numbers of buyers in the market, X, XE,...,Xm.

-1g.T. -Lg. ,T.
1 i t 1 L o (1000 [ .
_Lgixi - "TT- e ]x- + T = & :in-l, 1= 2, saer 3 m
3 4 i=-1

: -Ig. T

= k& 1 i t -

X = -Lngl - —Tl e. J?(l + X .
-Hi..

-Lg.T.
1 173 .
ei=_Tie 2 l=l, "sn ,m,

nd the above equations can be written in a matrix form as follcws:

= -t_ — O t— —
1 -lg, - el 0 Xl 1
4 '.t + s
" 2.9 ) el -leg, - 92 | X2 +x|0].
|t ‘ &
‘ “I_Xm_ i 0 em-l -lg, - Qm“ Xm_ _O“i

8t M be the m X m matrix in the right-hand side of the above

""-..?: The elements of M, m,;,, are defined as follows:

-Lg, =8, ~ J=1
my=¢ 8., o0 d=icod
0 s otherwise ;

]
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ejements above the diagonal are all zero, along the diagonal

all zero except for those

pegative and below the diagonal are

al
:‘k g T4 o | —

Jiately pelow that are all positive, mi,i-l = ei_l, for

.. ; o Also, let Xt] and E denote the m-dimensional

. 2y
i £t
o yectors (Xl;XE: 200

P s X;) aiif, (1,0, wes 3 @) respectively.
al equatiois can be written in compact for

; :ibove gifferenti -

ot t - .
X } = MX ] %A E - (5-5)
b

:fgo obtain a stationary reservation price distribution, it 1s

: '-c:i_ent to require X-jtj =0, 1=1, «eo , M- Clearly, this is also

ffficient for the stationary distribution of prospective buyers OVer

+ .
ice range, x“]. If the entry rate of new prospective buyers,

4¢ independent of time, t, " and of the distribution of buyers

‘.mﬁ._‘; the price range, Xt]--‘that is, X is exogenously given-~then
‘_;-unique) equilibrium distrivbution Xt] can be explicitly obtained
(5.5). That is, since the matrix M does not depend upon v

$ao il
kS

nd x°], setting x°] = 0] in (5.5) yields 1] = B

-- Let -M-% be denoted by ul. The matrix M can be inverted

"*..: and the components of p] are givenz/ by

5
e
; 3 1 _ k.:lk
':‘ Lgl+9’ By =737

"enter" the submarket at the

having assumed that new buyers
sions for the p.i's.

Tice level pl is crucial for the simple eXpres

Ceibmm
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e ~ecponding stationary (i‘requency) distribution of reservation

--, can be easily obtained by normalization. In the following

E +the existence and uniqueness of an equilibrium X ] is

rem,

ctated.

,eorem 5,1. Under the assumption of stationary supply side
1 ions and exogenous entry rate of new buyers, the adjustment

seess described by equ. (5.5) yields (1) a unique equilibrium dis-

bution of prospective buyers over the price range, X] = }_r.M_lﬁ = Eu},
p] is as defined in (5.6); and (2) a unique equilibrium distri-

JU of reservation prices, fy, obtained by normalizing xpl.
IIl general, if X depends upon Xt] and/or time explicitly,
'(5.5) can be treated as a set of simultaneous differential
f_":'.ons. Now, by manipulating the expression for Hs and using
iéapproximations we can obtain an intuitive interpretation of the

quilibrium X]. The expression for by from (5.6) can be written

follovws:

1
g = .
i Le, Lg. Lg.
(g—=+1)ee~( o 1)(=—= + 1)e,
2] 8. 6. i
1 i=-1 i

Or a detailed discretization, the Ti's will be very small. Thus,

“"":j- sas 3 i,

L Lg, T
1+—g-]5=1+LgTegkkm1.
2] kK k
k
i.giTi
e Tie ~ Ti' As a result, the equilibrium numbers of

ctive buyers with reservation price p -, Xi =X, 1= 1,000,m,

Portional to the times, T., Prospective buyers "stay" at the

fes levers i,
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nynemics of Adjustment and the "p1ow-Throuch' Equilibrium:

hort_fi-‘-_‘_‘;___ﬁ

5In this section, we shall derive a set of differential equations

4' describe the adjustment over time of the numbers of sellers with
_férent asking prices. Then we shall discuss equilibrium conditions

"2ﬂmﬁ of this adjustment process. We shall assume here, by analcgy

‘ :e previous section, that the demand side is held at stationary

spriwn. That is, the distribution function of reservation prices

he number of buyers in the market are stationary.

~ Consistently with the treatment of demand side, we shall assume

pinite time-horizon of search for sellers. Furthermore, we shall

jg‘the important assumption that new sellers enter the quality sub-

rket with initial asking prices egual to pm, the upper end of

-ﬂ?;mice range. Similarly with our treatment of the demand side, we

an easily write the adjustment equations for the distribution of

ellers over the price range according to their asking prices. Let

x.,:'}a G as follows:

+
] noX |
; GJ = Z\ =T @ (5.7)
' k=j X
] : ) t_t £
~ The adjustment equations for the numbers of sellers Vl’VB"°"Vm
dth asking prices pl,pg, ... , D~ respectively are:
37N T8N T T ey S
e e - t =
0 - - -
Ly = =08 W = BT B G
enter the

here T ‘ _
8Te v is the rate at which new sellers (vacant units)

SUPDly side of the submarket. The coefficients 7j are given by:
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-NG.S.
¥ -1 i3,
i~ 8.

¢ J

1. are obtained by discretizing the optimal asking price curve.
b
'ove equations can be written in matrix form as follows:

e e —

F4 = == T 7
Rt - i 5
.: vl "H.G'l f”l 72 O Vl 0
;- “XE, =¥y ¥ v = B
1% | = 2 2 '3 21 +v .
£ g _ t
e ] 0 }"Gm 7m_ Vm— 'L“J

be the m Xm matrix in the right-hand side of the above

P
AR\
i

-ions- Tts elements, ni,j’ are defined as follows:

-KGi = 71’ Jd =1,
nlJ = 7i+l ’ J =Aa ik l,
Lo 4 4y ik + L §

N has negative elements along the diagonal, zero below the

f8gonal and above the diagonal except for the elements (i,i+l),

4

41, ... , m - 1 that are all positive. Let Vt] and E dencte

"_-‘dimensional column vectors (VE, 2, wen 3 V:;l) and (0; «ss » Qu)

sspectively. The above differential equations can now be written in

smpact form as follows:

751 = w1+ E . (5.8)

‘We should note that the similarities between the demand and supply
#Justment processes are reflected in equs. (5.5) and (5.8), describing
S€ Processes. Similarly to the demand side, if the entry rate of

W 5 = . . 2 " - .
i ellers, Vv, is independent of time, t, and of the distribution
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: ) t . -

gellers over the price range, V ]--that is, v is exogenously

__inen the (unique) equilibrium distribution Vt] can be explicitly
.

ined from equ. (5.8). The equilibrium Vt] is equal to VN "E.

et -N—lE be denoted by vJ]. The components of v] are given

m
4 k
k=j+1 . L
. - = s 3= s ml vy = g (5.9)
] (NG + T.)

existence and unigueness of an equilibrium Vt] is formally stated

i the following theorem.

; Theorem 5.2. Under the assumptions of stationary demand side
peiicoren /-2

gonditions and an exogenous entry rate of new sellers, the adjustment

=
uge

fribution of sellers over the price range, V] = -.\?N-‘_ = vv], where

cess described by equ. (5.8) yields (1) a unique equilibrium dis-
y] is as defined in (5.9); and (2) a unigue equilibrium distribution

ra.sking prices, £y, obtained by normalizing vvl.
Again, if the entry rate of new sellers, '\'r_, depends upon Vt]
"". or time explicitly, equ. (5.8) can be treated as a set of simul-
. cus differential equations. An intuitive interpretation of the
'?'}-!"' of sellers at different asking price levels, at equilibrium,

%21 also be obtained.

I‘fy;
In this section, we have examined adjustment processes of the
i

bers of market participants towards equilibrium. Prospective

MIva = - . . - -
_.I'S Wwere assumed to enter the submarket with initial reservation
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s 2% the lower end of the price range and then "flow through'
oving upwards over the price range-—that is, adjusting

b reservation prices upwards with time they stay in the market

of houses. Some of them find and buy housing units and

others do not and thus leave the market at the

:'- » the market;
/

-of their search horizon. Transactions at different prices take
simuitanecusly. Sellers, on ‘t;he other hand, were assumed to
ster the market with initial asking prices at the upper part of the
pice range. Once in the market they move downward over the price

3 Eolﬁiné cach side of the submarket at stationary equilibrium--
t :~1onary price distribution and constant number of market partici-
m s--we described the short-run dymamics of the adgustment process

bn the other side of the market. In terms of these dynamics wa

-.,

sbtained equilibrium conditions for the "free" side of the submarket.

. Ideally, one would like to examine an overall quality submarket,

, by solving simultaneously the two sets of equations

=1

'.;C] MX] +

Il

E, (5.102)

V] (5.10b)

Il

15!
s

nwj +

nd the consistency condition, obtained from lemma 5.1,

"

IX = IV ; (5.10¢)
Bere the superscript + has, for simplicity, been suppressed. Let us
» however, that the adjustment equations have been obtained

8sums . . . -
Suming constant intensity of the process of contacts and statlonary

#ite distribution. Therefore the adjustment equaticns (5.10a) are
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it the total mumber of sellers in the market and the distri-
'“ of asking prices are stationary. However, for V 0 to he
‘ tent with a non-trivial (freguency) distribution we must also
n e \}] - 0. Since a symmetrical argument can be rade for equ.

_J-rj,e, ), the above adjustment equations cannot be construed as des-
_ an overall eguilibrium adjustment. That is, equ. (5 10) are
14 oﬂly in the context of the decomposition procedure of holding
;;: :3e of the market stationary and examining the other.

'?-g he symmetry in the above description of buyers? and sellers®

,1.;‘ pbehavior was clearly reflected in the differential eguations
‘j,bing the adjustment processes. In the following discussicn,

1- 211 extend the adjustment model by making the entry rates of

r participants endogenous and examining equilibrium under such

. . tions.

4t Extensions

. The assumption of exogenous entry rates for new market participants
restrictive. Making these entry rates endogenous provides the
pdel with greater structure and thus enhances the range of comparative
‘3« ¢s and short-run dynamics questions that can be asked. Specifying
fi*'entTY rates of new participants is equivalent to making assumptions
bout individuals® participation decisions. Here, however, we will not
B€ concerned with these decisions in the manner they were discussed in
Bapters Three and Four. Instead we shall treat X and v as func-

s of proxies of the possibilities for buyers to make contacts with

* and vice versa, and of a price variable.
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_.ror our purposes, the price variable to be chosen must cenvey
mation about the state of the market and must be observable by
‘ buyers ard sellers. Since transactions take place simul-
. at different prices, the average price of current trans-

ns conveys information about which way the market is going. Also,
formational requivements for its observability by prospective market
cipants are nodest. As prcxies for contact making possibilities,
, use the intensities of the process of contacts for buyrers

g sellers.

;;_.,In the remainder of this section, we shall first discuss the

‘ ge price of current transactions. Then we shall examine its
nsiveness te changes in market conditions. Finally, we shall

specify the entry rates as functions of the average price

Average Price of Current Transactions

- The traditional analysis of price equilibrium views the market
ilibrium price as a guide variable that consumers and producers
ok to in making decisions. Here, we shall attempt -1;0 answer the
ion whether the average price of current transactions is a
€8sorable extension of the above notion for the type of market

-=5Ii; ©sses vhich are examined in this work.

_’ Let (.Xl, . Xm) and (Vi, «.. , vm) be the numbers of pro-
: ive buyers and sellers, respectively, in the market at some time.
0, let P; and Pg be the average price of current transactions 4

Oked at frop the demand and supply sides of the market respectively.

e
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turns out that by employing the consistency condition (5.1) we

4 . ¢ _C
Eshci'-’ that, as expected, PD = PS'

This is proven in the following

prollary

" Corollary 5.1. The average price of current transactions locked
Coro 21y s —

om the demand side, P; is equal to P; , the average price of

.ent transactiocns locked at from the supply side.

f. For P; , computing the contribution to the average from pl 5

. 1,m, yields

] i 'y

o P
1
() b Z;. gixi g_kz TE
y 1= ik=1
Py = = _ ; (5.11)
L E giXi
=1

ransactions are carried out at the sellers! asking prices, we obtain:

m ”
SRAS

=1
p]‘; = lm . (5.12)
% i=21 GiVs

-

«ﬁ coefficient of pl in {5.11) is equal to the coefficient of pl

in (5.12), if *he consistency condition (5.1) is employed. Since this

Bolds for all i's, PC = P. = PC. : qQ.E.D.
3 T S
Hence we can write
c 1 - i
- T e (5.13)
E Givl B
i=1

¢

€ should note from (5.13) that PC is a function only of the
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4

u;ibutions of asking and reservation prices. That is, it does not
£n

nd explicitly upon the intensity of the process of contacts of

s with sellers and vice versa, nor upon the absolute numbers of
et participants.
;-In order to exemine the responsiveness of this price variable

B A
changes in market conditions, we shall investigate its dependence

-$‘the numbers of buyers and sellers at different price levels,
x) and (V,, «es , V). We can differentiate ¢ with

1 eew® 3 m l m

spect to Xi and Vi’ i=1, «o. , m; concise formulas for the

erivatives are summarized in the following lemma.

. Lemms 5.2. Definition (5.13) by partial differentiation with

4@§ct to Vi, i=1, veo ,my and X., J =1, ... , m, yields:

c G n
-z > (v - P%) i=1, eee 5 m (5.14)

il

¢ 1 1 - k _c

an—im k:?fjvk(P-P), j=1, «o. , m . (5.15)
2 GV
i=1

Proof. (5.14) is immediate:

. I m - "
i -
¢ &P 1‘% GV, - 6 2 GV,P

BP =1
5 = . L . (pm -P%) . Q.E.D
i : 2
( 2 V) 2 G5V
i=1 i=1

For the partial derivative of P with respect to Xt

3 . e
1 s 1 2 3 &
R =l (Y v )2 i=l i=1 ™)
s BT %
£l = = =1 T 7 (5.16)
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d X
(Xi * * Xm) - (Xi i * X1:1)ci_XH.

Xai—‘
%) 5

o,

aGi
&, © 2 ’

1 s
=--3{—} d<l'

HE A
[}

; oG,
be+ituting the above for -55{3 in (5.16) and performing the manipi-
; ;

tions yields (5.15). ) Q.E.D.

‘We shall now use these results in examining the responsiveness of

¥

® ;o changes in market conditions. We shall first treat the supply

_'-:‘.r_'—' then the demand side.

-_Supply side. Clearly, from {(5.12), P° is a convex cambination

R 12 n ¢ ... ) b
£the {(p,p, -+ » D }. Hence i will be negative for low i's
: i : c

_ B
nd positive for high 1i's. We can draw a figure for BT};_— as a
1 ' i

finction of i. Let us assume that pk = Pc. The partial derivative

Fig. 5.2

e

e
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with respect to V., is negative for 1 < k, increases with
i

ecomes zero at 1=k, remains positive for k <i<m, and

ses zero again for i = m.
2. s c ) )
. Now, let us consider the effects on P of changes in the dis-

gi,ut:‘_on of asking prices. Suppose that the number of sellers over

b !
3 . 3 (e
;A?rice range changes by AVi s i=1, +os , m. The change in P,

¢

. the absence of adjustment of the distributicn of reservation prices,

1

’?"311 by:

Cc
a2 = Y S (5.17)

Suppose, for the sake of simplicity, that the distribution of

gking prices changes so that values higher than pk become more

- <
ly than values lower than pk, where pk = P°. That is, Avi = 0
m
<
i =k, AV, is increasing for increasing 1 and 2 AV. = 0.
3 * =L &

7) yields AP® > 0 and P° increases; that is, a change in the
tribution of asking prices corresponding to an increase in the

-

mmber of vacancies with asking prices greater than P~ will cause
B increase in P . Similarly, a change in the opposite direction

g c
cause a decrease in P .

; (< : ’ .

Let us examine the effects on P~ ‘of a change in dispersion
""} acteristics of the distribution of asking prices. We will assume
bat the concentration of vacancies around p  increases, e.g.,

W, <0 for i< g, &V, =0, A&V; >0 for g<i<r, &, =0,

3 c
&V, <0 for i>7 and q<k<r<m The expression for %g—-
i

£
;“‘*: that P° is more sensitive to changes in AVi for lower
rather than higher i's. Hence for the above change, it may

PPen that AP~ > (3 namely that an increase in concentration will
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ine average price of current trans sactions. This result,
or, does not account for adjustment in the distribution of reser-
vrices that would be induced by the above change in the dis-
stion oT asking orices.

£ . . ; ; € .
. penmand side. Let us now examine the effect on P~ of changes in
.;ﬁistribution of reservation prices. For small changes in AXi),

€ is given by

c o ap°
AP = Lla—-ﬁx - (5.18)

i=

trary to the partial derivatives of P with respect to Vi,

A ,-EL, ... , m, the sign of the partial derivatives of ¢ with

ect to Xj’ j =1, +ea , m cannot be easily predicted. From
5,15), the differences pk - P¢ are weighed by the numbers of selliers

. : ; . k - .
ith asking prices equal to P and then are summed up. However,

e
us consider an arbitrary (Vl, ees 3 Vm) c:a.nd. draw &;— as a
fnetion of j. (See Fig. 5.3.) Here, %E— is positive for hign

J

3p° .
/"ﬁ_’ J = l,---,m

and may become negative for very low j's. Conditicns under which

is equal to zero for j = 1 and pesitive for all other j's can

e
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L'btaiIIEd- Unfortunztely, however, they are not amenable to an
qmic interpretaticn, and will thus be deleted here.

; An increase in the nuwber of prospective buyers at different
h,' ng price levels over the upper rart of the price range will elways
;ease +he average price of current transactions.

4 Regarding a change 1in dispersion characteristics of the distri-

| on of reservation prices, we can work in a similar wayj; €.g.,

. ®e0 for i<, éKq = 0, AXi B0 foF g% 5% T AK} == s

AX. <0 for r<i and ¢ <k <r<m. Suppose that originally
kl _ Op° ¢ )

Wi. Then for § > k, = 0 and X Ty become negative Tfor
j's provided that the corresponding qus are sufficiently large.
ghether an increase in dispersion of .consmners according to reservation
ices *;:111 have a downward effect upon P° also depends upon the
mmbers of sellers witn different asking prices.

."-‘_ In sum, we have defined the average price of current transactions
nd obtained an expression for it which involves only the distributions
jreserva.tion and asking prices. INeither the absclute number of

"__ket participants nor the intensities of the process of contacts

-"*f er this expression. Furthermore, we have examined the responsiveness
0f the average price of current transactions to changes in market
'ditions by studying properties of the derivatives of the average

’c:e of current transactions with respect to the numbers of market
:'tiCiPants , prospective buyers and sellers, at different price levels.
lly., we used these derivatives to predict changes in the average

ice of current transactions caused by- some specific cases of small

MAnges in the price distributions. The following section completes

”"E description of the new elements in the extended model.
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- jcation of the Entry Rates of New Market Particivants

3 s We noted eariier, we shall make the entry rates of new market
~'cipe.nt5 endogenous by specifying them as functions of the inten-
, ?S of the process of contacts and of the average price of current

We shall first discuss the demand side and then the[

“%_Demand side. The rate of entry of new prospective buyers, E,
r-be assumed to be an increasing function of the expected intensity
3 g

L . . O
the process of contacts, L, and a decreasing functlon—/ of the

rage price of current transactions, P°. Analytically:

- = c ox ox

X = X(IyuP )5 af>o’ ._—5<O - (5.19)
opP

.‘ermore , we shall assume differentiability up to the second order.

pply side. Similarly to the treatment of the demand side, we

s"?'ﬂ_ simplify the seller's pafticipation decision model by assuming

At the rate of entry of new vacancies is an increasing function of

e average price of current transactions and the intensity at which

ontacts are made. Analytically:

B Sv N
V = V(K,P ), F}\,> O’ aPC

>0 (5.20)

-

gain, we shall assume differentiability up to the second order.
~ Having extended our model by making the entry rates endogenous,
e "?: Proceed in the following section to explore the existence

Uniqueness of equilibrium in such a model and examine its properties.

‘fﬂi'ts of different qualities are viewed as distinct, substitute
&J..ties and several quality submarkets are considered X must be
flef} as u functicn of the vector PC®], the average price of current
actions in all submarkets. This possibility will not be pursued
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arative statics and stability considerations are presented later

'.‘. e C_h,apter .

Existence and Uniqueness of Equilibrium for the Extended Model
—

troduction

. The section consists of three parts. In the first two parts)

, ence and uniqueness of equilibrium are discussed for the demand

24

ad supply sides of the market in the context of the decomposition

gﬁ,; discussed earlier in this chapter. That is, by holding one
2o of the market at equilibrium the dynamics ‘of adjustment and

sbrium in the other side are examined. The third part deals

Q]

: the existence of equilibrium when both sides of the market are

ed to very. It will be shown that existence of an overall equilib-

111

depends heavily upon properties of the informational structure of

] U

the market.

stence and Uniqueness of Equilibrium: The Demand Sicle

Let us recallA that the rate of entry of new buyers is assumed to
=1_= continuous increasing function of L, the intensity of the process
-.j‘cont_a.cts buyers make with sellers, and a decreasing function of P° P
the average price of current transactions. By asswn:ing ‘that the suprly
'e is held at equilibrium, the set of differential equations (5.10a)
describe the short-run dynamics of the adjustment of the numbers of
‘SPective buyers at different price levels, X].

With the above specification of the rate of entry of new pro-

Pective buyers, x, equ. (5.10a) is autonomous. Given initial
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.itions, they cen be integrate 1/ over any finite interval of time.
be f01l0Wing thecrem shows the existence and uniqueness of a demand
J equilibrium under these conditions.

Theor€rl £,3. If the supply side is neld at equilibrium and under
ﬂ—-———'_'_—‘-

previO‘JSlY stated assumption, the adjustment process describedt by
. (5.108) has a unique equilibrium distribution of prospective

; ' 5
wers over the price range, X Js

proof. Since equ. (5.10a) is autonomous, if an equilibrium X] exists,
it must satisfy the egquation

T _ C _
Mmx] + x(L,P)E = 0] .

' ; . -1 . ' .
fince M 1s non-singular, M existz. Hence, the above equation

becomes ¢

x] = X(1,P%)nl , (5.21)

é: p] is as defined in (5.6). ul] is independ;ant of Xl.

If the function uX] + %(L,P°)E has a zero point x°], from
;.'21) Xo] must belong to the cone in B® defined by bu]--where
b is a positive scalar. All points in this cone yield the saume

‘* age price of current transactions. That is, since the asking
Trice distribution is stationary and given and because the average

@nd not on the absclute numbers of buyers and sellers and different

b
{/ -
; This can be easily shown; since M does not depend upon %] and =
S continuous, twice differentiable and bounded, the right-hand side of
0a) satisfies = Lioschitz condition. This is sufficient for the
=Xistence of “he solution.

1

RERE s i
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levels): Pc is determined by u] and fV'

. querefore, since L is constant the equilibrium distribution of

espective buyers over the price range (i.e., the number of prospec-

v buyers at different reservation price levels), Xo],
(o] — c =
x ] =x(L,P (0]l » i (5.22)

unique by construction. The corresponding distribution of reser-

mtion prices is obtained by normalization. | Q.E.D.

3
§

We should emphasize that the above theorem holds even if we relax
he assunption, made in section 5.2, of the limearity of I*(V) with
,;. to V, as long as initiative in search is attributed to
j‘ers.é/ Finally we should note that the model for the demand side
pqui librium adjustment implies a one-to-one correspondence between
distribution of asking prices, behavioral characteristics of

m__:- s, and the intensity of the process of contacts on the one hand
m the distribution of prospective buyers over the price range on

3?,..- other. The latter is dependent upon supply side configurations

by means of continuous functions.

~' stence and Uniqueness of Equilibrium: The Supply Side

| We shall now explore the existence and lmiquenes.s of equilibrium
lieci by the short-run dynamics of adjustment of the distribution of
Asking prices under stationary conditions on the demand side. (That is,

e tota]l number of prospective buyers and thelr distribution over the

If "_?e ascume, as Theorem 5.3 requires, that the supply side is held
3 eguulbrium, then V, the number of sellers in the market, is
_tlonary ard so is L.
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7 range 1is stationary.) Assuming perfect informaticn and in view

discussion in section 5.2, the intensity at which sellers make
!_.,-gtS with buyers remains constant. Therefore, the questions of

’enCe and uniqueness of the supply side equilibrium are entirely
rical to those of the demand side discussed above. Hence a
__;em, similar to 5.3, guaranteeing existence and uniqueness of’a

ply side equilibrium will be stated without proof.

‘fheorem 5.4. If the demand side is held at eqilibrium and under
3 ;y eviously stated assumptions, the adjustment process described by

:{S.lOb} has a unique equilibrium distribution of sellers over the

.z range, VO];
v°] = vOLES (V] " (5.23)

id v] is as defined in £5.9).

igain, the equilibrium distribution of asking prices can be
tained by normalizing \?(A,Pc(‘v]))v]. The results we have obtained
0far in this section are quite strong. We should emphasize that

dey depend to some extent upon our assumption that new prospective
'm' enter the market at the lower end of the price range and

'rs at the upper end. While this as'sumption seems quite restrictive
st glance, if we recall that the approach is intended as an
‘-*':i proc-edu:re, then the above can be partly justified.

The decomposition procedure is crucial to our approach. In the
:_ical and social sciences, abstractions of this type commonly

1 us to obtain insight into very complex processes. Althcugh
bard to justify the decomposition procedurs by means of an
shonic process, we shall attempt to provide descriptions of economic

o

T S
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:'a ment processes which underlie the analytical formilations employed
| in this chapter. Finally, it is interesting to note here that

. stationarity of the distributions, while a most important building
ek of our approach, turns out to be a crucial vehicle of the dynamic
_, sprium adjustment.

In the remeinder of this section we shall examine the existerce

Lan overall equilibrium, Comparative statics and stability consider-

sons are provided later in the chapter.

-‘311 Quality Submarket Eoquilibrium

Introduction. So far, we have considered the supply and demand
;Ja;"i. of the market separately. In this section, we shall show that
ﬁ.’era]l equilibrium exists, by utilizing the earlier descriptions
f the short-run dynamics of price and stock adjustment and making
..’of properties of the informational structure of the market. The
_'tenceg/ of eguilibrium satisfies a fundamental consistency require-
-- for our model. Some of the economic processes-associated with
'veraJJ_ equilibrium will be examined below. This should by no

r,;s_ be construed as gi\(ing prominence to the analytical over the
-"~’3' content of our approach. We shall start with a comprehensive
:t.‘ussion of the informaticnal structure of the market.

-

- Informational structure of the market. As we mentioned in sections

Lran
#0 and 4.4, dealing with market participants' use of informational

: r_uilibrium existence theorems in economic theory and, to some extent,
b_llit.'f results serve the functicn of ensuring consistency and thus

01'1_3 claims of relevance to real world problems. Furthermore, from

O}nt of view of economic theory in general and disequilibrium

Mics in particular, mathematical existence results are of dubious

unless they are supplemented by an economic process corresponding

havioral rules that economic agents are supposed to follow.
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-. mediaries, we have restricted ourselves to describiﬁg market
icipaﬂts' purchase of information in order to improve upon their
f $pilities for making contacts with participants on the other side
e marke-t,}-'—q/ Here, we shall retain the assumptions made in

_‘ ion 5.2 that buyers have the initiative to discover existing
,;. and contact sellers, while sellers are passive searchers

"‘ wait for prospective buyers to come in now and then. Buyers set
' search policies on the basis of an anticipated intensity of the
"cess of contacts that at equilibrium must be compa;tible with the
emand side of the market.

Recall that the intensity of the process of contacts consumers

*s with sellers was assumed to depend oniy upon the number of sellers,
0 addition to the technology of information acquisition ahd dissemi-

ion. We can thus write:

L = L(7,V) , (5.24)

oL

ith 5 >0 and % > 0, where 7T stands for the technology of
information and V for the total number of sellers (vacancies) in the
parket., Individuals? purchase of such information either on their own
br through the use of informational intermediaries gives rise to the

11/

O¥erall (market) technology— of information, proxied by T in (5.24)

=~ We have not been concerned with purchase of information about the
tribution of either reservation or asking prices. Our model, however,

I handle the problem--although not explicitly treated--of an indi-

al's purchasing information regarding "effective” contacts; that is,

* Prospective buyer can go to an agent and give him information about

-

W mich he is willing to pay and how long he would be willing to wait.

i.f y Information may take the form of a collectively consumed good cr of
ely private good. We have not identified who bears the costs to
, POrt the informational structure of the market, nor whether the
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mhe relaticaship L = L(7,V), i.e., the intensity of contacts

ction of the technology of information and the number of

12/

ancies in the submarket is simply the function I*(V)=—' we derived

.-{ fun

gction L4, At informational equilibrium, sellers expect the
owing intensity of the process of contacts to prevail:
L*X T o)
(7,¥) _ (5.25)

ksl

Ae 7z is proportional tc the number of searchers, X, and it would
e independent of the number of vacancies if and only if I¥ is a

¢+ function of V. In general, =z would be an increasing
decreasing) function of the number of vacancies, V, if the elasticity

1

' 1* with respect to V is greater (less) than one, that is,

ar*
aZ Wv - L*
afx"j;é ’

af§o iff e=£‘—;g§ﬁ§1. (5.26)

. In the following discussion, we shall abstract from a behavioral
etermination of the technology of information acquisition and dissemi-

8tion and assume that it cannot indefinitely bring about an improvement

riicipants? purchase of such information is at the social optimum
1 (an efficiercy issue). Interesting guestions that should be
lyzed include whether such information should be provided publicly
® Puirchased orivately, and the equity question regarding the impact
M market performance of the fact that individuals face differential

®8rch costs. Such issues will not be pursued here.

If initiative in search were placed upon sellers, and if buyers
Considered as passive sesrchers, the function A*(X) would be the
Vant relationship. -
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._'“ intensity at which contacts are made. As we shall see, this
i‘ertion is crucial for establishing the existence of a stationary

1_ 1ibrivm and is also necessary for the existence of a finite optimal
.';buyel‘s choose.

In order to ensure that 2z will be finite, we should require

from (5.25) above, remains finite when V - 0. It is suffi-

Z,

tent to assume that

SLV—*< ©w, for V=0, ard L¥(T,0) =0 . {(5.27)

Tinally, we should note that our model depends heavily upon the
nrposition procedure discussed in Chapter Two which makes the rate
u,-:contacts and the probability distribution functions of reservation
i.‘f@ asking prices crucial information and thus dynamic fea;‘tures of

:i.; aprroach.

‘ This completes our restatement of the informational structure of
'=25- market. We shall now proceed to a discussion of the main features

of the overall equilibrium model.

PExistence of an overall equilibrium. As we discussed in section

, our adjustment models are based on the procedure of holding one

fﬁe of the market at equilibrium and examinirng the other. We have

l ‘off‘ered a model of an overall eguilibrium adjustment.

The adjustment models we have discussed hinge on the assumption

of perfect knowledge of price distributions and the intensities of

'- cfs. Implications for market ad,ju_stment of relaxing some of these
55 nptions will be examined later in e heuristic fashion. The smoothing
Of the dynemic adiustment and the approximation cf continuous distri-

Miicns by discrete ones were carried out under the assumption that



127

-. jcipants on both sides of the market act on the expectation of

jonary conditiorns.

] At 2 stationary equilibrium, when expectations are fulfilled
merket variables remain constant, the derivation of the adjustment
'tions is still wvalid. Hence the question of the existence of an

.11 equilibrium becomes that of whether there exists a pair of

ctors X*] and V¥] such that the set of equaticns

MX*] + E(L,PC)E = 0], and (5.28a)

It

w1 + v(»,P%)E = 0] {5.28b)

satisfied.
3

’ The rate of entry of new consumers dépends upon L, which is a
ction of T, informational technolegy, and V, the total number
wacancies, which is obtained as the sum of the elements of T*]

nj the average price of current transactions, Pc. The latter depends
licitl;y' only upcn the distributions of reservation and asking prices
sbtained by normalizing X¥] and V¥] respectively, and not upon the
-_ﬁolute number of market participants, nor upon the intensity of

Mo tacts .

The entry rate of new vacancies (sellers) depends on A, Wwhich

i8 2 function of T, X, the total number of prospective buyers, and
3_3' average price of current transactions.

We can invert the matrices M and N and obtain the set of

Quations

X#] E{LJPC)P] ) (5-293)

V¥*]

(2P, ' (5.29b)
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icon are equivalent to equs. (5.28a) and (5.28b). The components
:=p] dgepend upon the distribution of asking prices, the intensity
ontacts, L1, @and behavioral characteristics embodied into the
sse function description of reservation price policies. The
-nents of V] depend upon the distribution of reservation prices,

2

e intensity of contacts, A, and behavioral characteristics embodied
mto the stepwise function description of asking price policies.
The following thecrem guarantees the existence of a set of

li;ibnary solutions X*] and V*] but not uniqueness. The proof

s based on the Brouwer fixed point theorem.

- Theorem 5.5+ Under the previously stated assumptions, there
Ja_: a solution (X*]; V*]) to the set of equ. (5.2G); the solution
Helds a set of eguilibrium distributions of reservation and asking

w and of equilibrium mumbers of buyers and sellers.

;;f. We shall show that the mapping defined by the right-hand side
rvcf”' (5.29) has a fixed point. This mapping is a continuous point-
fe- mapping. We shall specify a closed and bounded interval, B,
o Rm X Rm and show tha‘lt the above mapping maps B into itself.
| Let us take a point in B, (X°J], V°]) € B and consider its

@age (xp]; vv]). For the components of the vector p] from (5.6)
?1&\1'&:

4y = — = . (5.30)
(L= + 1) (L 5222 + 1)(1g; + 6,)
1 i-1

B < l. « BSince Ig. >0, u, < = by the definition of
1 5 Bi i i ei

g
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By Tie

gice we have assumed a finite time horizon of search, T, the Ti’s

;f pounded upwards by T. Furthermore, they are also bounded down-

ﬁ ds because the derivative of an optimal reservation price curve

;th respect to time is positive and bounded upwards. Finally, let

, LT,
sc Tecall that 1%(7,V) was assumed to be bounded. Hence Tie 1 is

pounded upwards and downwards. For the same reason, By is bounded

gg;rds. Furthermore, from (5.30) and because Gi is bounded, by

:E‘also bounded downwards--barring a trivial distribution of asking
prices.

We now turn to the term X(L,P°). The (scalar) function X was
1;sumed to be bounded. Such an assumption can be justified because
an entire housing market is assumed to consist of several hierarchies
of finite size. At any rate, L is always bounded upwards and so

is P° by being a convex combination of the pi's. Hence, since X
;;1-ot become zero--people always flow in--and because L and Pc

are always bounded upwards, we can write:

X, <%¥<x .
min max

g“t 3 - . %
1 umax and “min be the upper and lower bounds of the pi Biy

Tespecti ) ] y -
Tespectively. Also, let umax] and Hori ] be the vectors in R

With all components equal to Mgy 2P0 Hpsno respectively. Finally,

E*t us define the set BX in B* as follows: BX:= {x] e Rm; gﬁinu ]

<x] < s
] -xmax“max]}' ﬁx is convex.

A symmetricsl procedure can be foliowed to show that the image of

?.]! ], belongs to a bounded interval BV, in Rm, which can be
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'vﬁned symmetrically to B‘c The only additicnal element used is

] *
ene boundedness of -I—'—-(—;’—Yl et b be the upper bound of this

- " B 1 - .
ression; V. can then be defined as follows:

,i us now define the set B as the cartesian product of BX and

B = BX x BV. B, & subset of R x Rm is closed and bounded by
'finition and hence compact. The continuous point-to-pcint mapping
],- vv]) maps B into itself. Hence, according to the Brouwer
.' xed point theorem, this mapping has a fixed point. Furthermore,

? is immediate from the above discussion that the zero vector in

is not a fixed point. Q.E.D.

n
iy

Interpretations. We have now been able to show the existence of

a stationary equilibrium for a q_uality submarket for market participants
_.o are operating under conditions of uncertainty. Under the sometimes
strictive conditions of our model it is shown that the allocation
.-ocess of consumers to houses has a stationary solution. Hence, a

sic requirement for consistency of our model is satisfied.

3 The approach we have employed, although quite novel, is far from
.esolving all relevant issues. Let us first discuss s.ome technical
'es_. We have dealt with discrete distributions, although the existence
eorerns do not depend upon m, the dimension of discretization. It
Dus seems like];y that convergence results may be obtained so that

_-»- istence results could be prcvided for continuous distributions--an

; egant result that is by no means necezsary, since m can be very

rge.

Economic models which have dealt with price dispersion have not

=
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'ged to explain why it persists in terms of an equiliibrium model.
;have shown, by means of the thecrem just oproven, that price dis-
sion can versist, but we have not explained how such an eguilibrium
7, be attained, nor have we considered any stability properties.
eurthermore, it should be emphasized that if we start with a trivial
;-stribution on one side of the market, our model, coupled with appx\-o-
';'j,ate information flow, will not ultimately yield price dispersion.
. e are two basic reascns why price dispersicn persists in our model;
;‘ st, 1t takes time for market participants to make contacts with each
pther; and second, individuals search by means of finite time-hcrizons.
{, other possible causes of dispersion were held f:'ur.ed'.

Finally, two of the basic elemen-'l;s cf cur model merit attention:
fhe aggregation procedure, implicit in the use of an "average" varti-
;:a.nt_; and the set of assumptions defining his market performance.

Regs ding the former, any attempt towards *true aggregation in econcmics
5 bound to encounter severe difficulties. Averaging may nct be a

;' ious handicap, provided that important characteristics are preserved.
Regarding the latter, the most crucial of those assumptions is that
,-spective buyers enter the market at the lower part of the price

'< nge and sellers at the upper. Relaxing it by allowing individual

Berket participants to enter the submarket with initial reservation

L"‘ asking prices at any level within the price range will undoubtedly

5 edious, however.

Su T . thi : ; : a
Summsry and conclusions. In this section, we have discussed some

POrtant equilibrium properties of the model regarding the short-run

';\’ nam

lcs of price and stock adjustment which were developed in section

23, Having exterded the mcdel by making the entry rates of new market

_'.;’=: the model less rigid. The mathematical analysis will be extremely
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\ jcipants endogenocus, we explered its equilibrium properties by

1 jng one side of the market at equilibrium and examining the other.
o]

° these conditions, we showed that there exists an equilibrium

4 it is unique for both sides of the market.

Although we have not developed a model of overall adjustument,

-

N
e were able to examine the existence of an overall equilibrium as

ollows: at stationary equilibrium, when expectations are fulfilled
,_,- market variables remain constant, the eguilibrium relationships
_ﬁed by the separate adjustment models, considered simultaneously,
5"- valid. We showed, by means of the Brouwer fixed point theorem,
*. such an equilibrium exists, that it is characterized by price
persion, and that it is not trivial from the pcint of view of our
odel.

Qur approach suggests that the assumptions one makes about the
of search significantly affect the form and properties of

:!1 ibrium. Contrary to variocus asserticns assertions in the liter-
ture, search does not lead to an eguilibrium characterized by a

nique price. Qur discussion of equilibrium is reminiscent of

E 1
G Stigler's theory:-z/ of endogenous factors that tend to preserve
'ce dispersion.-l-'i/ In this model, investment in information about

‘-= ket conditions and about means of contacting market participants
0D the other side of the market becomes obsolete. This is one of the

®asons that price dispersion persists.

- )
& Stigler (1961), op. cit., p. 219.

= As J. Hirshleifer notes: "(M)obility of buyers and sellers in and
r of the market (for example, in an intergenerational life cycle model)
.l Provide a continuing demand for informational processes of search

Rh = R " . -
¢ aavertising." Firshleifer (1973), p. 37.

[



133
In the folluowing sections of this chapter, we shall formula the
i parative statics problem and examine some of its stability proper-
ES- These sections are intended as illustrations rather than
austive discussions of such properties.

£

'.7_6 comparative Stztics and Stability Proverties of the Model

tntroduction
comparative statics is, in the classical sense, "the investigation

[

changes in a system from one position of equilibrium to another
'thout regard to the transitional process involved in the adjus‘tmen‘b."}-s-/
In the following discussion, we will be concerned with the adjustment
cess as well as the differences between equilibrium positions.

| In this section, we shall first formmlate the comparative statics
groblem for an overall eguilibrium. Then we shall define the deccm-

:_: ition procedure employed earlier in terms of such a formulation.

flext we shall present some local stability considerations, and finally
' shall discuss, in a heuristic fashion, adjustment processes for

some specific cases.

In view of Samuelson's correspondence principle, we should caution
o selves about the validity of comparative statics results when no
ormation about the stability of the underlying dymamic system is
’h'ailable.g“—@/ However, the problem of stability will receive only

Tudimentary consideration in this work.

£

.F'- Comparative Statics of an Overall Equilibrium

-We showed in the previocus section that an overall equilibrium

i
Samuelson (1965), p. 8.

~' Ibid., pp. 257-260, 350-352.
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;‘ ts. Such an equilibrium, described by numbers of prospective

2¢ers and sellers at different price levels, is given by a solution
-._*}, y*]) to the set of equations

3

%] = xu] , (5.31a)

Il

V%] = vv] . Y B.351h)

—;ving attributed initiative in search to buyers, the intensity of the
‘;ocess of contacts buyers make with sellers is a function of the

;u$er of sellers in the market. At equilibrium, the intensity of

'ﬂg process of contacts sellers make with buyers is a function of both
he number of sellers and buyers in the market. Hence, X] and V]

;e the only endogenous variables in the model described by equ. (5.31).
h For the sake of simplicity, let us considér a2 single exogenoﬁs

variable PB. The comparative statics problem is that of predicting
] dax*] av#]
3 B and a6’
X*] and V*] are simultaneously determined by egu. (5.30). Differ-

the signs of the components of the vectors where

entiating (5.31) totally with respect to B yields:

SJE Y L) [N RUPE Y W, -1

+x-%§~]—-dﬂ+‘€7x§-%—]—-p]d&+v—-g§-|J,]d5+




+V]‘?—5:'d$. \

quantities above are evaluated at (x*]; v#]), the solution to
- equ. (5.51). Furthermore, for the sake of simplicity, the asterisks

.}m gx] and dv] were omitted. The above equations can be written

in compact matrix form as follows:

a5 a set of simultaneous linear equations.

Tet B be the 2m X 2m matrix on the left-hand side of [5.52)
Some of the signs of the elements of B may be available. However,
even if all of them were known, that, in general, would not be suffi-

- cient for complete comparative statics information.

Tt is clear from this exposition that comparative statics analysis
of our model is extremely complicated. An additional complicating

‘_ factor inheres 111 our approach: Although in developing the adjustment
- Model, we assumed that market participants follow optimal search
Policies, it iz very difficulty analytically to express this fact

- through necessary conditions due to the averaging procedure we employed.

: VI-{VXu]ﬂz] U3 | Eevul-nlgx _dﬁ’;] 7 [x - %_1 + _2% v gl
j i
[ [ ———————— - S A i S A Cmee—m" e = .
SRR el | |z ], ¥
L-v Y VI-v]ovev ; I- (v v1+v] vv}.A ) 1) | B T v]_
| - (5.32)
‘The above equations can be solved, in general, for (&2';] dv*])
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rically, using such necessary conditions one may obtain an envelope-

| e theorem which would simplify the camparative statics analysis.
Because of these difficulties, we shall simplify the problem

_-1-,; 1y by making appropriate assumptions and partly by using some

qeur“Stic 1llustrations. Although such illiustrations are of dubious

:,, edictive validity, in the context of the adjustment prcblem they d.o

er some insight into adjustment processes.

.
O

'e Decomposition Procedure and Comparative Staties

_i_ | We shall again employ the familiar decompeosition procedure of
-:Lding one side of the market at equilibrium and examining the other.
ig clear from the above formulation vwhat this procedure involves.
,or example, assuming that the supply side is held at equilibrium is

equivalent to reducing equ. (5.32) to

[ - toged +ul - v - B g2l By (5.33)

which is what we would have obtained by totally differentiating egu.
5.21) with respect to PB. Furthermore, since p] does not explicitly

pend upon X], vxp,] = [o]. Hence equ. (5.33) reduces to:

e - 1k (5-34)

® &1

[T =-pl- VXJ{:]

Let us write: VXE = (El,EB, il § Em)——an m-dimensional row
‘Vector. For the term }_cj, we have:

- % _% ¥
g i = s
J aXJ aPC aXJ

Bince X o 0, the sign of X, depends upon the sign of %13- Tet
¢ J

"- recall Lemma 5.2 and the discussion of the signs of the parta.al

R [
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E (o]

- P

jvatives of Pc with respect to Xj: for high 3's, gir' will
J

Jways be positive, but for low Jj's, it may be negative.

i;d positive. This is as far as we can go in predicting the signs of
,-' elements of the matrix [I-u] - VXx].

1 This completes our general discussion of the comparative sta%ics
; the demand side of the market. Evidently, the discussion of the
f;;mly side would be symmetrical to the one for the demand side.

| In summery, having formulated the overall comparative statics
g;oblem, we were able precisely to define what the decomposition pro-
iu e involves in the context of comparative statics. We will now
%noceed to & discussion of the comparative statics of an exogenous
i;'ft in the rate of entry of new prospective buyers. The case of
-a?: an exogenous shift in the réte of entry of sellers can be treated in

-

& similar fashion.

::Imample: An Exogenous Shift in the Rate of Entry of New RBuyers

Tet us consi@er the exogenous variable P as a shift rarameter
of the rate of entry of new buyers, x. We shall consider the effects
:; & small increase in B. The increase in the exogenous varizble B
Ii- d reflect such factors as an influx of new population because of
Structural changes in the economy of the area, an increase in the rate
OF household formation, a decrease in interest rates which might induce
Tore recple to buy their own houses rather than continue fenting,
fﬁ=-ges in tax laws that make owner-occﬁpied housing more attractive

:5 an investment opportunity.

Let us assume §§-> 0. Equ. (5.34) then becomes:

oOn the other hand, the ccmponents of the vector p] are all known

—

3 Pmg———

x
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&{ecall that p] = -M-]'E. It can easily be shown from equ. (5.35) that
:’.l'.he new solution vector is proportional to the original one. This is
_innnediate from equ. (5.21), if we realize that the change in the rate
{Of entry of new buyers does not affect .p]. 3

] In sum, if we restrict ourselves to examining changes under

' ationary conditions on the supply side, an exogenous upward shift
;u.the entry rate of new buyers will cause the eguilibrium numbers of
_.'p-ospective buyers at different price levels to increase uniformly,

'. but the distribution of reservation prices will remain unaffected.
_'i@his discussion does not, however, account for the impact of this

' change on the supply side.

The process of adjustment from the original equilibrium to the
:imew- one will not be described. It is similar to that involved in the
'jwca.se of an exogenous shift in the rate of entry of new vacancies,
.airhic:h will be discussed below. We shall now turn to stability con-

- siderations.

- Stability Considerations

Here we shall explore local stability properties of the model
which describes the short-run dynamics of adjustment under the decom-
 Position procedure. We shall confine our attention to the supply side,
. as the _demand side is completely symmetric. As noted above , the

_ stability of the overall equilibrium will not be formally examined.

' Although we have not developed a model of cverall adjustment, stability
Questions could be explored in terms of the separate adjustment models.

'If we confine ocur attention to local stability, the two models, taken

T

T ——————csscc

S
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f. ogether , can be considered as an approximation of the overall adjust-
process.

| Let us recall the differential equation (5.10a) describing the
i}djustment process of numbers of sellers with different asking prices.

i ot vo] be the stationary eguilibrium vector from (5.23) and write:

E  ov

A7) = V] - v°]. Equations (5.20a) and (5.23) yield:

We shall examine small perturbations arcund the solutibn,

V] = W] + —————— == AV] . (5.38)

ecau that the rate of entry of new vacancies depends upon the intensity
jof the process of contacts for sellers with buyers, A, and the average

price of current transactions. Hence,

o a‘? aPc
37 3¢ 9y
: v o . .
Also, we assumed that — > 0; 7 is given by (5.14). Note that
- oP g

}-fthe derivative of Pc with respect to Vj depends upon the distribu-
:I“.tion of reservation prices and the distribution of vacancies; it is

- positive (negative) for >, {Ju jo) and equal to zero for Jj = jo,
'"where Ji is defined by pJO = P%. Equation (5.36) .can be written

oncisely as follows: .

A{r] = ™), {5.37)

and T is given by:

e -




-?\.Gl - 7'1 7’2 0 * 0
0 -?\.G2 - 72 75 0
N = 0 -
7m
e = - \
B V1 Vo _ My = Tn TV |

The solution to equ. (5.37) is asymptotically stable at VO] if

he eigenvalues of the matrix N all have negative real parts. The
gharacteristic equation for N is: det[N - AI] = 0, where A (scalar)
" s an eigenvalue of N. It is hard +to predict the sign of the real
part of the eigenvalues of the matrix ﬁ, although we do know the
..;signs and to some extent, the relative sizes of the terms Fj' Also,
i_-:I.t seems unlikely that we could examine in more detail the types of
-'fj'.nsta.bility that the above adjustment process might exhibit, e.g.,

-‘; ponential instability (positive real eigenva.lues)_or cyclical insta-
-":bility (non-zero imaginary parts of eigenvalues). In general, the
eigenvalues depend upon the technology of information acquisition and
;dissemina.tion, the distribution of reservation prices, behavioral
--characteristics of sellers (discount rates and time-horizons of
'sea;rch) and the responsiveness of i:he participation decision to
;ﬂhanges in the distribution of vacancies over the asking price range.
An alternative approach to stability analysis is the use of

- Lyapunov?s secoﬁd method. The ILyapunov stability theorem ensures
Stability if there exists a symmetric positive definite matrix W

Such that -WNT - T is positive definite. We shall try the diagonal

1

X ¥ ¥y 7
J d

B Xm matrix with elements =1, eee , M,




1
0
}\.Gl +?’l
W= . :
1
0]
i th =+ Tmﬂ

Let us write WEY - TW = [w]. The matrix [w] is as follows:
z
F 2 __Zg._._._ O s e w G i vl
)\_G2+')’2 ?\Gl'f‘?’l
- 2 .2
KG2 s 72 KGE i 72
[w] = 0 2 eee . .
0 o _m-l
Aoy + 7y
. L SRR - .
i KGl + 71 KGE + 72 qu + 7mJ

. The system (5.37) is stable, if [w] is positive aefinite. Hence it
_-‘ is sufficient for the stability of N if all principal minors of [w]
?'are positive. It can easily be shown by expansion that the (m-l)

;Imincipal minors of [w] are positive definite. With respect to the

'sign of det{w], no definite answer can be given because the relative
V.
_—
AG, T 7.

J dJ

If the responsiveness of the rate of entry of new vacancies is

- sizes of the terms are invelved.

mch smaller compared to the corresponding adjustment coefficient,

then local asymptotic stability is guaranteed. In case gza =5,
P

.(i.e., the rate of entry of new vacancies does not depend upon the
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;average price of current rransactions), then the supply side short-
?:un dynamics are stable.}Z/

OQur inability to guarantee local stability may reveal properties
fgof a much wider class of dynamic processes, namely those which are
iessentially pased upon behavicral assumptions of perfect foresight.

 Models based on such assumptions cannot adequately deal with situmtions

‘:of unfulfilled expectations. The rigidness thus introduced is an

_gapparent cause of instability.

In view of Samuelson's correspondence principle, assuming stability
_;of the underlying system may facilitate comparative statics analysis.
-;Ebwever, we will not pursue this in this work. We should, however,
?mention that the lack of symmetry of the characteristic matrix precludes
.:us from using the theory of symmetric stable matrices. In the remainder
{'of this section we shall examine equilibrium adjustment processes in a

“heuristic fashion.

A Heuristic Tllustration of Adjustment Processes

In the beginning of this section, we presented a formulation of
the comparative statics problem. We can use our adjustment model to
.'dﬂscribe the process of price and stock adjustment in a particular

- case for which the comparative statics analysis is conclusive. We

- shall be concerned with the case in which an original supply side

- equilibrium is disturbed by an exogenocus factor, while the demand side
Temains at equilibrium. This is of course intended as a mere illus-

- tration rather than an exhaustive analysis of the subject.

4k
ﬁ ‘I/ This is

- and the eigenvalues of N are equal to -th - 73’ I Ly asa 3 M

immediate because for ?r'J.. =0, 3=1 oo ,m, then N=N
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We shall examine the effects upon the equilibrium on the supply
gide of the market of an exogenous (to the specific quality submarket
under consideration) shift in the rate of entry of new vacancies.
=_i__5uch a shift can be caused by a variety of factors, such as a struc-
tural change in the normal operation of the filtering process, higher
s construction rates because of increased subsidies, lower construction
 costs, ete. We shall assume that the exogenous factor that shifts
. gpwards the rate of entry of new sellers does not affect the rate of
'_ entry of new prospective buyers. We can use the formulation of the

comparative statics problem to predict the effect of such a change on

~ the supply side, which is a uniform increasge in the numbers of sellers
: gt different asking price levels while the distribution of asking

- prices remains unaffected. L

| We can easily illustrate the process of adjustment set in motion
- by such a change by using the adjustment eguations (5.10b). The
 submarket is at equilibrium when the exogenous small shift in Vv

- takes place. For the new rate of entry of vacancies v!, ¥v! >V

for the same A and P°. The new sellers start their search by

7 setting their optimal asking price policies. The inflow of new
Vacancies with asking prices at the upper vart of the Price range

- Will increase the stock of sellers there. As‘a result, more trans-
actions will teke place at higher prices and since éWP(i for high

i's is positive , the average price of current transacgions will
increase. The latter will cause a further increase in the rate of
entry of new vacancies , Which in turn reinforces the above tendency.

Same of the new sellers, who either make contacts with buyers with

Teservation price below their current asking pricés and thus do nct

e T ————
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{‘sell, or are not contacted by any buyers, adjust their asking prices
,é gownwards. Eventually asking prices of new sellers will decrease

E pelow the original level of PC. The resulting increase in the stock
of vacancies tkere will cause a downward pressure on Pc. Since

this effect is exacerbated, the further asking prices of sellers
decrease and ¢ will ve pulled downwards towards its original level.
In such a way the distribution of vacancies may reach its equilibrium
position, provided that the process is stable. At any rate, the
average price of current transactions may fluctuate around its equilib-
rium value. At the new equilibrium, the distribution of asking prices
is the same, while the mumbers of sellers at different price levels
have increased uniformly. Thus the average price of current trans-
actions is again seen to be the vehicle of equilibrium adj;stment.

An inveresting result of our model of adjustment is that infusion
of new vacancies will initially cause an increase in the average price
of current transactions, contrary to what one might expect on the
basis of traditional microeconomic theory and the "excess demand
creates upward pressure on price’ postulate of t&tonnement adjustment.
It should be noted, however, that our assumption that new sellers
enter the submarket at the upper part of the price range is partly
respensible for this result.

At the new equilibrium, the total number of vacancies in the
market has increased. This will, of course, arfect conditions on the
demand side of the market. In particulgr, if buyers are well informed,
the increase in the mumber of vacancies will produce an increased
intensity of the buyers?® process of contacts. According to our

assumption regarding the information producticn functicn, the intensity

e

e e
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Sof the process of contacts for sellers will not be affected, although
-;supply side conditions will ultimately be affected. The ircrease in
f:L, the intensity of the process of contacts for buyers, will affect
i'the distribution of reservation prices and buyers over the reservation
f;mice rangs. Finally, the distribution of asking prices will be
riaffected, previded that sellers perceive the change in demand sfde

- conditions.

The above heuristic exposition underscores the difficulty one
-iencounters in attempting to examine such questions.ig/

Despite its lack of rigor, such an exposition does provide insight
. into the adjustment process. A large number of guestions can be dealtﬁu
- with in such a fashion. In addition to treating each side of the
lnarket separately, we can, for small changes, treat the overall adjust-
:ment problem by considering the two sets of adjustment equations and
:.nsing them in an iterative fashion. However, such issues will not

. be further pursued in this work.

;.Summary

In this section, we have dealt with comparative statics and
IStability properties of the model, We formilated the comparative

- statics preblem for an overall equilibrium, and used this precisely

to define the decomposition procedure of holding one side of the

; EQ/ Such a model may lend itself to studying market operation through
- Simulation. Work devoted to the study of residential segregation,
‘ §Z§§man & Sunshine (1570), through computer simulation on the basis of
- behavioral mode.s similar to the ones employed here came to my attention
- 8t a time when most of this work has been completed. Their behavioral
- Dodels are very poorly developed. Computer simulation seems to be one

of the tools for fruitful research along directions suggested by our
- Work,

s e —
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. parket at equilibrium and examining the other. We then examined the
comparative statics of an exogenous upward shift in the entry rate
of new buyers. It was shown that if the supply side is held at
equilibrium, such a shift leaves the distribution of reservation

prices unaffected and increases the mumber of prospective buyers in

\

the market.

Finally, we discussed stabilify and adjustment processes for
+he supply side of the market, stating sufficient conditions for
stability. We discussed in a heuristic fashion the adjustment process
involved in the case of an equilibrium which is disturbed by an

exogenous shift in the rate of entry of new vacancies.

5.7 Summary and Interpretations

This chapter was devoted to the development of medels of price
and.stock adjustment. In terms of the short-run dynamics of adjustment,
we introduced and characterized an equilibrium concept for the sub-
market. Tet us first describe the conceptual scheme which qnderlies
our equilibrium adjustment models and then briefly summarize some of
the results we obtained in this chapter.

Market participants search on expectations of stationary market
eonditions. For the purpose cf eguilibfium analysis, optimal asking
and reservation price policies that are obtained from our behavioral
models are discretized. Equilibrium adjustment of the distribufions
of asking and reservation prices was described by modelling the
market participants?! "flowing through" the discrete steps of a price
range characterizing the quality submarket. Some make contacts and
others do not, and some of the contacts made do not lead to transactions.

Buyers and sellers set finite horizons for their search. If, at the




147

: end of the time-horizon, a seller has not sold his house or a buyer
pas not bought a house, they leave the market. We offered a descrip-
tion of the short-run dynamics of adjustment by means of a system of
ordinary differential equations.

Individvuals enter the submarket at rates which depend upon market
conditions. We showed that if one side of the market is held at
equilibriun the adjustment process on the other side is characterized
by & unique equilibrium price distribution and number of market par-
ticipants. In the general case of an overall equilibrium, we showed
the existence of a configuration of distributions of asking and reser-
vation prices and of numbers of market participants.

Fext we formulated the general comparative statics problem for
an overall eguilibrium. For this purpose, the decomposition procedure
that we have employed in this work was defined precisely. We examined
thé camparative statics of a demand side equilibrium when it is dis-
turbed by an upward shift in the rate of entry of new'buyers. It was
shown that such a change leaves the reservation price distribution
unaffected but increases the number of prospective buyers in the market.
Finally, we examined the stability of a supply side equilibrium and
provided a2 heuristic expesition of the equilibrium adjustment Process
when such an equilibrium is disturbed by an ekogenous shift in the
rate of entry of new sellers. We were unable, however, to prove
stability in the general case of an endogenous entry rate of new
sellers, but we stated sufficient conditions for stability.

We have been concerned with equilibrium in a single quality sub=-
market of a housing quality hierarchy. We have not attempted explicitly

to incorporate interactions between different levéls of a quality

o P e — .
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3 hierarchy. In general, this is too big a problem because of con-
: ditions of uncertainty and search. An analytical treafment would
| nave to resort to averages and aggregates, i.e., reduce the problem
to its deterministic dimensions.

There are many issues we could examine with our approach. We
chose to examine a few, some easy and some much more difficult to
deal with. Strong results were arrived at in a reasonably large

mimber of cases, given the difficulty of extending economic theory

into a virtually unexplored area.

e e ———
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Chapter Six

SUMMARY AND SUGGESTIONS FOR FUTURE RESEARCH

Although studies of housing markets have noted the importance
of market participarnts? imperfect knowledge of market conditions, the
role of the vacancy rate as a market variable, and the incidence of \
price dispersion, there has been no compfehensive theoretical analysis
of these issues. This dissertation encompasses such a theoretical
study of market structure and operation under conditions cf uncertainty.
The search behavior of housing market participants is modelled and
utilized to derive an equilibrium theory for a quality submarket.
Although we have drawn extensively upon an analysis of housing markets
in putting forth thecretical arguments, both the anmalytical tools
employed and the eguilibrium concepts developed apply beyond the
confines of housing markets. We have attempted to summarize our
results as the exposition proceeded, Instead of repeating these
results we wi}l summarize the most important in the context of a
discussion of the basic elements of our approach and will offer a
critical review of some results in conjunction with suggestions for
future research.

At any point in time a quality subﬁarket is characterized by the
probability distribution functions of sellers' asking prices and buyers"®
reservation prices and the number of prospective buyers and sellers in
the market. Buyers® (sellers!) search of the market was modelled as
sampling, at random time, from the distribution of asking (reservation)
Prices., The process of contacts was described by a point process whose
intensity is a functiocn of marked condiﬁions and information acquisition

and dissemination technology. The informational structure of the market
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was rigorously founded upon behavioral models of buyers’ and sellers!
use of informational intermediaries. The sensitivity of the optimal
search policy of buyers and sellers to variation in the discount rate,
time-horizon of search, number of market participants, information
technology and characteristics of asking- and reservation price
distributions was examined.

Under the conditions of finite time-horizon of search and exponen-
tial discount rates, the behavioral models for buyers and sellers were
integrated into a theory of inéremental price and stock adjustment.

The mathematical model describing the short-run dynamics of adjustment
for each side of the market was obtained under the assumption that the
other side is held stationary. The two séparate models describing the
short-run dynamics of adjustment were considered simultaneéusly for

the purpose of defining an overall equilibrium for a guality submarket.
Such an equilibrium was defined as a configuration of stationary proba-
bility distribution functions of reservation and asking prices and
stationary numbers of housing market participants. It was shown that
such an overall eguilibrium exists and is characterized by price dis~
persion, vacancies and unsatisfied demand. That is, the market does
not "elear" and no unique equilibrium price prevails.- Furthermore,

the adjustment process can be classified as a' non-tAtonnement process.

By holding each side of the market at equilibrium, we examined
troperties of equilibrium on thé other side. We showed that such an
equilibrium exists and is unique and stated sufficient conditions for
local stability properties. Also, we formulated the general comparative
statics problem for an overall equilibrium. Finally, we examined the

comparative statics of shifts in the (endogenous) entry rate of new

e —
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market participants and described the equilibrium adjustment process
which would follow such disturbances.

These are the basic elements of our approach. The
models we obtained are general encugh to facilitate rigorous analysis
of a large class of non-tdtonnement adjustment processes. We shall
now proceed to a critical review of some aspects of this work.

The anzlytical formulation of'behavioral modelz for market par-
ticipants, buyers and sellers, exhibits a general time-dependence that
has been only partly explored in this work. The dynamic programming
férmulation adepted is amenable to generalization in several directions,
such as consideration of several alternative courses of action open
to market participants that may or may not be statistically independent,
or participants? behavior under a variety of disequilibrium situations.
Hence, the dynemics of the participation decision can be further
expiored at the behavioral level. The determinants of the (aggregate)
entry rates of new participants should be rigorously obtained from the
participation decision. For the purpose of empirical testing, in
particular, the effects of employment opportunities within the geo-
graphical area of a particular housing quality hierarchy, of incone
changes or housing subsidies, of construction lags and of the avail-
ability of firance capital upon the households' participation decisions
should be considered.

The model can account for intramarket turnover, once a particular
classification of new participants in tgrms of their origin is intro-
duced (i.e.,'whethef they enter a hierarchy for first time or previously
occupied dwelling units within the. same hierarchy). This should, of

course, be reflected in the participation decision and would bear upon

market adjustment.

e
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Future theoretical research will benefit from a comparative
analysis of unit and price competition. Such an analysis may be of
use in providing appropriate limiting conditions for a model which
will account for game-like interactions between buyers and sellers--a
hitherto unexplored aspect of housing markets. ‘

The informational structure of the market, as specified in this
work, can be explored further so that the model will attain greater
flexibility. First, we may introduce a seller's asking price as a
determinant of the intensity of the process of contacts he makes with
buyers. TFurthermore, we may delineate a market for informational
services. From sucik a viewpoint, the demand side of such a market
was examired in gections 3.6 and 4.4, whieh describe the use of infor-
matioral intermediaries by sellers and buyers. The effects of infor-
mation pooling on individuals'! behavior and market adjustment can be
examined with the toocls suggested in this dissertation. |

A host of other issues can also be analyzed. Participants familiar
with a particular housing market may enjoy informational advantages in
comparison with newcomers; the opportunity cost of resources, expended
by participants tc ensure for themselves a specific intensity of the
process of contacts or information technology may differ among parti-
cipants. As a result, different individuals might make contacts at |
different rates. By using such notions, it is possible to incorporate
another element of intramarket turnover and to analyze the market
Performance of poorly informed individuals.

Another area of practical as well as theoretical significance,
that has been considered by some studies of housing markets, is the

Process of discrimination in housing and its effects. The advantages
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of our model in examining this problem are two-fold: differential
transaction and psychic search costsé/ can be easily handled; and the
interaction between buyers and sellers is at the center of our model,
so that sellers' discrimination can be modelled by adjusting the
intensity of the process of contacts. Furthermore, costs, or benefits,
to buyers and sellers from discrimination can be estimated. \
The disequilibrium structure of the model would facilitate an exami-
nation of the incidence of discrimination as a function of market
conditions. If nonwhites are discriminated against, their number
relative to whites participating in the market would influence the
intensity of the process of contacts; Similarly, transient housing
market phenomena, such as neighborhood tipping, can also be investi-
gated.

As we noted earlier, equilibrium for a qualit& submarket was
investigated in terms of the dynamics of adjustment rather than as a
specific case of general equilibrium under uncertainty. Our inability
to obtain stability results hampered our examination of overall con-
vergence conditions. Such conditions would justify the decomposition
procedure adopted in this work, i.e., examining equilibrium adjustment

in one side of the market while the other is held at.stationary equilib-

-

rium.

& "There is a great deal of qualitative evidence that nonwhites have
difficulty in obtaining housing outside the ghetto (see James Hecht,
Kain (1969), McEntire, and Kerl and Alma Tauber). Persistence, a thick
skin, and a willingness to spend enormous amounts of time house-hunting
are minimum requirements for nonwhites who wish to move into white
neighborhoods. These psychic and transaction costs may be far more
significant than out-of-pocket costs to Negroes considering a move out
of the ghetto.” Kain and Quigley (1972), p. 264.
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In future research the informational equilibrium, "desired equals
actual," should be generalized, and adaptive behavior, in the sense of
incorporating information acquired in the course of search, should be
allowed. Finally and most importantly, because we dealt with expected
values of market variables, our model did not require a knowledge of
probabilistic laws that might characterize equilibrium adjustment.:
Investigation of such laws could be pursued as a much better alter-
native to an ad hoc modelling of equilibrium adjustment that typically
lacks behavioral foundations.

In this work we assumed that the information sellers disseminate
to the market about their units 1s sufficient for buyers to classify
them in terms of quality; in addition, prospective buyers can readily
assess the quality of a housing unit they visit. As a natﬁral extension
of ocur model, the following situation could be examined: buyers use
prices of housing units to infer quality before they actually search
out a housing unit in order to ascertain its quality. Sellers, on
the other hand, may be assumed to know the quality of their units.

In contrast to the model we examined, such a view of a housing market
may be labelled as a case of informational asymmetry.

Preliminary investigation of behavioral models for the case of
informational asymmetry has shown fhat the approach we have taken in
this work can be applied to that case with only a few minor modifi-
cations. First, we need not restrict ourselves to a particular
quality submarket--an entire housing quality hierarchy can be treated.
Second, from the viewpoint of buyers, the market is segmented in terms
of price, since buyers cannot directly observe quality and hence

Perceive price as a signal. Third, a better specification of the

S
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informational structure of the market may he adopted. That is, as
suggested earlier in this chapter, the probability that during any
interval of time a seller will make a contact with a buyer should
depend upon the seller's asking price.

Although the case of informational asymmetry has been investigatedg/

in other areas of esconomic literature, it is interesting to examine it
in the context of housing markets for twoe reasons. First, it comprises

a reasonable view of ownership and rental housing markets; and second,

an examinaticn of equilibrium in such an environment may enhance the

understanding of market signalling and informational externalities,
and thus contribute to the understanding of the theoretical under=-
4 -. pinnings of market structure and price formation, as well as of the
persistence of price dispersion.

As was mentioned in Chapter One, one of the goals of past research -
in disequilibrium economics was a theoretical derivation of the Phillips
curve. Thege efforts have been only partially succgssful. In housing
market terﬁs, the issue becomes whether a stable relationship exists
between housing price changes and vacancy rates. Housing market adjust-
ment towards equilibrium, under any common notion of the term, takes
place through changes in price as well as changes in the number of
. j vacancies and consumer searchers. -A relationship between price changes
e ~and vacancy rates--or whatever the measure of idle resources might be
ii during the equilibrium adjustment process--that could be derived from

behavioral models would be a tool of theoretical as well as practical

significance.

2
e/ See Ackerlof (1970) and Spence (1972).
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However, we have refrained from pursuing such a task here for
two reasons: first, such a relationship would be rather meaningless
uniess an entire housing market is considered; and second, our dis-
cussion of eguilibrium, carried out in Chapter Five, suggests that
results may vary greatly depending upon the properties of the technology'
of information acquisition and dissemination. '

Finally., no public policy issues were explicitly taken up in this
dissertation. GCovernment policies designed at improving the consumption
of housing services by disadvantaged socioeconomic groups may be more
efficient if implemented in conjunction with housing market information
systems. It is expected that further development of the housing
market model discussed in this work will lead to a framework for
evaluating such policies.

This work has elabeorated on a market structure characterized by
what T. Koopmans referred to as "secondary" uncertainty.é/ Although
we focused upon some hitherto neglected but nevertheless important
aspects of housing markets, the non-tatonnement equilibrium adjustment

models we developed have a much wider applicability and will hopefully

constitute a contribution to the literature of models of equilibrium

adjustment.

%

2/ See Koopmans (1957), p. 163. Koopmans argues that "... the secondary
uncertainty arising from lack of communication,...,is quantitatively at
least as important as the primary uncertainty arising from random acts
of nature and unpredictable changes in consumers' preferences.”
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